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PREFACE

The present work has evolved out of the lectures
delivered to the Post-Gradvate students of the
University of Calcutta. It is intended as an intro-
ductory text-book on Spherical Trigonometry and an
attempt has been made to present the subject-matter
in as simple a manner as possible. The book has
been brought to the standard required for the exa-
minations of Indiar Universities. It contains all the
propositions which ‘a student has and ought to
learn to have a fairly comprehensive knowledge
of the Trigonometry of Spheres, and thus it paves
the way for higher study in Spherical Astronomy.

As the book consists mainly of formulae and the
applications thereof, a large number of examples has
been appended for solution by the students.

A short historical introduction has been given ab
the beginning, showing the successive stages of the
development of the subject. It arose out of the
growing need for the study of the heavens. It is
interesting to note that the fundamental formulae
were all known to Hindu Astronomers thousands of
vears ago and are of Indian origin, but owing jo their
conservative spirit, any record of their work is wholly,
wanting. It was Siarya Siddhants which brought
to light the achievement of Indian mathematicians,



viii PREFACE

and this was followed by severasl works on the
subject, showing thereby that the ancient Hindus
were far advanced in Astronomy. In the body of the
book reference to authors of the respective theorems
has in most cases been given.

In the preparation of this book I fad to consult
the existing treatises and seversl memoirs on the
subject, and my thanks are due to their respective
authors. For the history of the subject, among other
works, I was greatly influenced by the monumental

“works of Dr. D. E. Smith and the late Dr. F. Cajori
and my thanks are due to them. I am also indebted to
Dr. 8. M. Ganguli, D.Sc., P.R.S., Lecturer in Higher
Geometry in the University of Calcutta, for his

"valuable suggestions,

I have also to express my thanks to the authorities
of the University of Calcutta for their consent {o
publish the book, and to the officers and the staff of
the University Press, for the pains they have taken in
the printing of the book.

In conclusion, I hope that the present bock will
tend a little towards the advancement of Mathe-
matical learning of our students ; it is for them that
the book has been written and it is in their profit that
I shall look for my reward,

UN1vERSITY OF CALCUTTA :
P. N. Mitra.

July, 1935.
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HISTORICAL INTRODUCTION

The early history of the Science of Spherical
Trigonometry is veiled in obscurity. In the pre-
historic age, primitive men attributed every physical
phenomenon to the agency of some Superhuman
Being. To them the secret of the stars was closely
connected with the secrets of human destiny. It
was this that led the Hindus of India and the.
Babylonian shepherd to observe the stars and to specu-
late on their meaning. Thus developed the folklore
in India as also in the temples along the Nile and
in Mesopotamia, As years edvanced, observations of
the heavens increased, which led to the measurement
of angles, and thus the science of Astronomy had its
beginning. The ancient Hindus bowever left no
authentic record of their mathematical achievement.
They were very conservative and would hardly impart
their knowledge to their friends and disciples. More-
over they had little sympathy with those outside
their own caste. It is only in some special cape
that a favourite disciple could acquire the knowledge
and learning of his teacher. With the passing away
of a master mind, all his mathematical ach.ieve.ments
were lost in oblivion, There is sufficient evidence
to show that schools existed very early in India, where
mathematics was looked upon as a very important
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branch of learning, but for the reasons aforesaid
a general literature on the subject is wholly lacking.
All that we can learn of them are gathered from the
two great epics, the Mahabharata and the Ramayana,
the Vedas and other ancient literatures which show
that the Hindus from ancient times paid considerable
attention to astronomy.* The oldest astronomical
instrument dates as early as 1800 B.C.

The study of scientific astronomy began in Greece
with Thales (640-—546 B.C.). He succeeded in pre-
dicting a solar eclipse which occurred on the 28th
May, 585 B.C. Pythagoras (580—500 B.C,) asserted
that Earth was spherical in shape. His teachings
reveal much more of Indian than of the Greek civili-
sation in which he was born. It was left for Par-
menides of Elea (460 B.C.) to teach at Athens the
doctrine of the sphericity of the Earth, Eudoxus of
Cindus (408—355 B.C.) is said to have introduced
the study of spherics (mathematical astronomy) in
Greecey; Euclid of Alexandria (fl. 300 B.C.) wrote a
book called Phacnomena dealing with the celestial
sphere, Eratosthenes of Alexandris (274—194 B.C.)
took the noteworthy step in geodesy by his measure-
ment of the circumference and diameter of the
Earth, Me also found the obliquity of the ecliptic

* GuOppbrt, On the Original Inhabitants of Bharatavarsa
or India, Loondon, 1898.
R. C. Dutt, 4 History of Civilisation in Ancient India, Loundon,
1893. *
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to be 23°51' 20”. Archimedes of Syracuse (287-;212
B.C.) devoted a portion of his work om sphere. As
yet we have got nothing which can be called trigono-
metrical. )
Hipparchus o Micea (180—125 B.C.) wrote a
famous work on astronomy, in which he needed to
measure angles and distances on a sphere, and kence
he developed a kind of Spherical Trigonometry. He
also worked out a table of chords, i. ¢., of double
sines of half the angle, and thus was begun the science
of Trigonometry. Menelaus of Alexandria (fl. 100
A.D.) wrote a treatise on sphere Sphaericorum Libri
II1 dealing with geometrical properties of spherical
triangles. His propositior. Regula sex quantitatum
is well known. He also wrote six books on the
calculation of chords., The interest in astronomy
had induced more progress in spherical rather than in
plane trigonometry. Claudius Ptolemaeus (85—165
A.D.) brought together in his great work, Almagest
in 138 books, the discoveries of his predecessors. He
devoted chapters of his first book to trigonometry
and spherical trigonometry. He elaborated the table
-of sines already used by Hipparchus. He created,
for astronomical use, & trigonometry  remarkably
perfect in form. Pappus of Alexandria (fl. 300 A.D.)
devoted his sixth book in Mathematical Collections
to the treatment of sphere. ¢
_From 2000 B.C. down to 300 B. C we have no
record of Indian astronomy save the glimpses we
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have from the Vedic writings. The Vedic literatures
were probably written about 2500—1500 B.C., though
composed much earlier ; the Vedangas were written
several centuries later. The ritualistic rules of the
"Sulvasuiras were composed about 500 B.C. The
Hindus were in the habit of putting into verse all
mathematical results they obtained, and of clothing
them in obscure and mystic language, which though
well adapted to aid the memory of him who already
understood the subject, was often unintelligible to
the uninitiated. From the period of invasion of
India by Alexander the Great in 327 B.C., there
was reqular intercourse betwveen the Hindu and Greek
mathematicians, which influenced their respective
astronomies to a certain extent. Before the beginning
of the Christian era, there were numerous invasions
from the North which seriously interfered with the
spread of Greek science, and in the fourth century
A.D., with the appearance of Surya Siddhanta—the
first important work on Astronomy in [ndia—we find
the astronomy of Greece replaced by the Astronomy
of Hindus. The mathematical formulae of Sulva-
sutras now gave place to the mathematics of stars.
Spherical trigonometry and astronomy were treated
scientifically by Aryabhatta (475—550 A.D.) in his
Aryabhatiyam and Gola. Next comes Varahamihira *
(503—587 A.D.) whose work Paiica Siddhantika shows

* According to some tradition Varaha and Mihira are, two-
different persons—father and son.
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an advanced state of mathematical astronomy. . He
describes the five Sidihantas which had been written
before his time but places the Suryd Siddhinta at
the head. Among the five is the Paulisa Siddhanta
which contains an excellent summary of early Hindu
Trigonometry. Vatahamihira taught the sphericity
of the earth. The most pr prominent of the Hindu
mathematlcmns of the seventh century, was Brahma-
gupta, who was born in 598 A.D. He wrote his
astronomical works Brahma-sphuta-siddhanta in 628
A.D. and Khandakhadyake in 665 A.D. It was he
who taught the Arabs astronomy long before they
becanie acquainted with Ptolemy’s work. The
famous Sindhind and Alarkand of the Arabs are the
translations of the two books of Brabhmagupta. The
cosine and sine theorems for oblique-angled spherical
triangles are implied in the rules of Varahamihira and
Brahmagupta. The triadic relations for right-angled
spherical {riangles were known to the Hindu mathe-
maticians and were used by them to solve spherical
triangles. 1n the reign of Caliph Aimansur of
Bagdad a Hindu Astronomer named Kankah went to
his court with astronomical tables * in 766 A. D., which
were translated into Arabic. Thus Hindu mathematics

* It is generally believed that this was the Brahma-sphuta-
siddhanta of Brahmagupta, and the name Sindhind is degived
from the word Siddhdnta, A Persian named Yaqub ibn Tariq
also went to the court of the Caliphs about this time and probably
assigted in translating the works of Brahmagupta.
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and astronomy came to be known to the scholars at
Bagdad. This was known as Sindhend and contained the
important Hindu table of sines. After this time to the
year 1000 A.D. very little progress was made in India.
Mahavira (. 850 A.D.) seems to have made efforts to
improve upon the works of Brahmagupta. In the
meantime the knowledge of India passed into the
keeping of Arabs. The chief Arab writer rn astro-
nomy was Albategnius (. 920 A.D.). Like the
Hindus he used haif chords instead of chords. Some
mathematicians are of opinion that he diszovered the
cosine formula, but there is no evidence {o show that
he had any real knowledge of spherical trigonometry.
In fact, he borrowed it from the Hindu astronomy.
Abu’l Wefa (940—998 A.D.) and his contemporary Abu
Nasr tried to systematise the older knowledge but it
was the Persian astronomer, Nasir ed-din al-Tusi
(1201—1274 A.D.), whose work Shakl al-qatid reveals
trigonomtry as a science by itself. Among the Hindu
writers from 1000—1500 A.D., the first was Sridhara
who was born in 991 A.D. but he did not contribute
much to the science of Spherical Trigonometry,
The other writer of prominence is Bhaskara (1114—
1185 A.D.), whose Siddhanta Siromani contains a
book, Goladhia, devoted to astronomy and sphericity
of the earth. He gave a method of constructing a
table of sines for every degree. With the decline
of Bagdad, the study of spherical triangles, for
astronomicai work, assumed greater importance in
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Spain. Gabir ben Aflah of Sevilla (1140 A.D.) wrote
on spherical trigonometry and introduced the *‘rule
of four quantities.”” By the 14th-century England

-came to know of the Hindu Trigonometry through
the Arab Trigonometry,

Among the rodern writers to exhibit Trigonometry
a8 a science, independent of Astronomy, was the
German mathematician Johann Miiller, better known
as Reglomontanus (1436—1476). His work De triangu-
lis omnimodis Libri V, written in 1464, may be said to
bave laid the foundation for later works on plane and
spherical trigonometry. Copernicus (1478—1543) com-
pleted fome of the works left unfinished by Regio-
montanus, in his DB Lateribus et Angulis Triangulorum
(1542). The Danish astronomer Tycho Brahe also gave
the cosine formula in 1590. With the French mathe-
matician Yieta (1540—10603) began the first systematic
development of the calculation of plane and spherical
triangles. The theorem for cosine of angles was given
by Vieta in 1598. The cotangent theorem was given
in substance by him but was afterwerds proved by
Snellius in 1627. The name Trigonometry first ap-
peared in an important work on Trigonometry by
the German mathematician Pitisous (1561—1613) in
1595. Albert Girard (1595—1632) published at the
Hague, in 1626, a noteworthy work on Trigonometry,
in which he made use of the spherical excess, in find-
ing the area of a spherical triangle. This also aﬂpeared
in his Invention nouvelle en I’Algébre in 1629. The
area of a spherical triangle was also given by Cavalier]
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(1598—1647) in his Directorium generale (Bologna,
1632), and afterwards in hig Tri_go‘nomet-ria plana et
spherica (Bologna, 1643). Napler (1550—1617) replaced
the rules for spherical triangles by one clearly stated
rule, the Napier's analogies, published in his Mirifici
Logarithmorum canonis Descriptio in 1614. He also
gave two rules of circular parts, which included in
them all the formulae for right-angled spherical
triangles. The properties of the polar triangles were
discovered by Snellius (1591—1626 A.D.) in his Trigo-
nometria, published posthumously at Leyden in 1627.
Euler (1707—1783 A.D.) gave a fresh impetus to the
study of the subject by publishing several memoirs in
the Royal Academy of Berlin and in the Acta Peiro-
politana. Delambre published his analogies in 1809.
Valuable contributions to the subject were also made
by Lagrange (1736—1813), Lhuilier (1750—1840),
Legendre (1752—1833), Gauss (1777—1855), Lexell
(1782), Chasles- (1831), Schulz (1833), Gudermann
(1835), Borgnet (1847), Neuberg, Yon Staudt (i798-
1867) and Simon Newcomb (1835—1909), E. Study
(1893) and F. Meyer.

The case for spherical triangles with sides and
angles not necessarily less than = is genecrally
ascribed to Mobius * but it seems that Gausst had
not only thought of this generalisation, but had
worked:it out.

* Bee GQesellschaft der Wissenschaften zu Leipzig, 1860,
p. oL .
+ See, Theoria motus Corporum Coelestium, 1809, § 54.
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CHAPTER 1
SPHERE

1.1. Sphere. A sphere is a solid figure such
that every point of its surface is equally distant from
a fixed point within it, which is called the Centrc of
the Sphere.

Any straight line joinirg the centre of a sphere
to any point on its surface is called a Radius, and
the straight line drawn through the centre and ter-
minated both ways by the sphere is called a Dia-
meter of the Sphere.

.A sphere can be generated by the revolution of a
circle round any of its diameter as axis.
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1.2. Intersection of Sphere ‘by a plane. If a
plane intersects a sphere, the resulting section will
be some curve on the surface of the sphere and we
prove below that

The section of the surface of a sphere by a plane
is a circle.

Let ABX be the section of the sphere made by a
plane and let O be the centre of the sphere. Draw
OC perpendicular to the plane of ABX. Take any
point D on the section ABX and join CD and OD.
Now OCD is a right-angled triangle, for OC is perpen-
dicular to the plans ABX and hence perpendicular
to CD. Therefore CD2=0D2—-0C2, But OD is
constant being radius of the sphere and OC is con-
stant for O and C are fixed points, and hence CD is
of ‘constant length. Thus any point D in the section
ABX is equally distant from the fixed point C in its
plane, that is, ABX is a circle of which C is.the
.centre, '
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1.3. Great Circle and Small Circle.* When
the plane intersecting the sphere passes *through the
centre of the sphere, its circular section is called a
Great Circle, thns AB is a Great Circle. When the
section does not pass through the centre it is called a
Small Circle, thus A’ B’ is a Small Circle. (See figure
of Art. 1.1.)

The solid cut off by the plane of a great circle is
called a Hemisphere, and that cut off by the plane of
a small circle is called a Segment of the sphere.

Note 1.—Only one great circle can be drawn through two given
jpoints on the surface of a sphere, for its plane must pass through
the centre of the sphere, and three noun-collinear points uniquely
determine a plane. The great circle is unequally divided at the
two points, and by the arc jrining the two points we shall always
mean the smaller of the two. Bubt if the two given points be the
extremeties of a diameter, an infinite number of great circles can
be drawn through them. (See figure of Art. 1.1.)

Note 2.—The shortest arc that can be drawn on the snrface of
a sphere joining two points on it, is the great circular arc through
them, for the shortest arc must have the least curvatu‘re, and so it
must belong to the circle of the greatest radius, i.e., the great

circle.

1.5. Axis and Poles. The Axzis of a circle on a
sphere is that diameter of the sphere which is per-
pendicular to the plane of the circle. The extremeties

* The nomenclature is perhaps due to the fact that the
radius of a great circle (which is the same as the radius of the
sphere) is always greuter than that of any small circle, a8 is
evident from the reldtion CD2=0D?~0C? of Art. 1.2,
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of the axis are called the Poles* of the circle. Thus.
if PP! (fig. of Art. 1.5)is perpendicular to the small
circle AB, P and P’ are its poles, of which the nearer
pole P will usually be denoted as the pole. The poles
of the great circle are equidistant from the plane of
the great circle. Any point and the great circle of
which it is the pole are termed pole and polar with
respect to each other.
ExAMPLE

Shew that the line joining the centre of the sphere to
the pole of a small circle passes through its centre.

1.5. Theorem. The pole of a circle is equidistant
from every point on the circumference of the circle.

Let O be the centre of the sphere and AB any
circle on it of which C is the centre, and P and P’
are the poles. Take any point D on AB. Join CD
and PD. Then PD2=P(C?2+ CD2=constant.

* The expression pole of a circle is due to Archimedes of
Syracuse (287-212 B.C.). '
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Now as the chord PD is constant, therefore the
arc of the great circle intercepiing PD is'also constant
for all positious of D on the circle AB. Thus the
distance of the pole of a rircle frym every point on
its circumference is constant whether the distance be
measured by a straight line or by a great circular arc.

The great circular arc PD joining the pole P of the
circle AB to any point D on its circumference, is called
the Spherical Radius of the circle AB. The spherical
radius of a great circle is a quadrant. (See Art. 1.9.)

1.6. Theorem. Two great circles bisect each other,

The plane of each great circle passes through the
centre of the sphere. Hence the line of intersection
of these planes is a diameter of sphere, as also of
each great circle. Therefore the great circles are
bisected at the points where they meet.

1.7. Angle between two circles. Whentwo circles
intersect, the angie between the tangents at either
of their points of intersection is called the angle
between the circles. If these circles are great circles,
their planes pass through the centre, and their line
of intersection is a diameter of the sphere to which
the tangents are perpendicular and hence the angle
between the tangents is the angle of intersection of
the planes.* Thus

°

* When two planes intersect, the angle between them is
measyred by the angle between any two straight lines drawn one
in each plane, at amry point on their line of intersection and per-
pendiculer toit. .



6 . SPHERICAL TRIGONOMETRY

The angle of intersection of two great circles is
equal to the thclination of their plancs.

1.8. Secondary Circles. Great circles which pass
through the poles of another: great circle are called
Sccondaries to that circle, which again is termed Pri-
mary circle in relation to them. Thus, in the figure,
ABC is the primary circle and all the circles through
P and P’ are secondaries to it. It is evident that
there can be an infinite number of such secondaries,
the planes of which intersect in the line PP/, the axis
of the primary circle.

P

A B

/

Pl

Since PP' is perpendicular to the plane ABC, any
plane passing through PP’ is also perpendicular to
the plane ABC. Hence

Any great circle and its secondary cut each other
at right angles, ‘
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Again since POvis perpendicular to, OA and OC,
AOC is the angle of inclination of the planes of PA
and PC, and this is measured by the arc AC. Hence
the angle betwee:. the circles PA anc PC is mesasured
by the are AC, i.e.,

The angle between any two great circles is measur-
ed by the arc intercepted by them on the great circle
to which they are secondaries.

1.9. Theorem. The arc of a great circle which is
drawn from a pole of a great circle to any point in
its circumference i8 a quadrant. (Fig. of Art. 1.8.)

Let P be a pole of the great circle ABC and O
the centre of the sphere. Join PO. Then PO is per-
pendicular to the plane ABC and hence perpendicular
to OA, OB, OC and OD. Hence each of the angles
POA, POB, POC and POD is aright angle, i.e., the
arc PA, PB, PC or PD is a quadrant.

1.10. The Converse Theorem. Ifthe arcs of great
circles joining a point on the surface of a sphere
with two other points on it, which are not opposite cx-
tremities of a diameter, be each a quadrant, then the
first point is a pole of the great circle passing through

the other two2
®

For if PA and PC (fig. of Art. 1.8) be each a
guadrant, the angles POA and POC are right angles.
Therefore PO is perpendicular to OA and OC, and
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hence perpendicular to the plan® AOC, i.e., Pis
& pole of the great circle AC.

1.11. Theorem. If two arcs of great circles,
which are not parts of the same great circle, be drawn
from a point on the surface of a sphere such that their
planes are ail right angles to the planc of a given
circle, then that point is a pole of the given circle.

Since the planes of the two arcs are ab right
angles to the plane of the given ecircle, their line of
‘intersection is also perpendicular to the plane of the
given circle; and as it passes through the centre of
the sphere, it is the axis of the given circle. Hence
the given point is a pole of the circle.

1.12. Theorem. Thc points of inlersection of {wo
great circles are the poles of the great circle passing
through the poles of the given circles.

Let the two great circles intersect at A and B,
and let P and @ be their poles. Join PA.and Q4.
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‘Then PA and QA afe each a quadrant (Art. 1.9) and
hence 4 is the pole of the great circle PQ (Art. 1.10).
Similarly B is the other pole,

v"1.18. Theorem. The anglec between two great
circles is equal to the angular distancc between their
poles,

For, taking the figure of the last article, 4 is the
pole of the circle PQ; hence AM and AN are each a
quadrant. The angle between the circles AMB and
ANB is measured by the arc MN (Art. 1.8). Also
PM and @N sre quadrants and the angular distance
of the poles is measured by the arc PQ. Therefore

arc PQ=PM —QM=QN—QM=MN.

Since these arcs are equal, they will subtend
equal angles at the centre. Hence joining OP, 0Q,
OM and ON, we have angle POQ=angle MON, i.e.,
the angle subtended at the centre of the sphere by
the arc of a great circle joining the poles of two
great circles is equal to the inclination of their
planes.*

1.18. To compare the arc of a small circle sub-
tending any angle at its centre with the arc of a great
circle subtending an equal angle at the cenire of the
sphere, ¢

* It is obvious that the angle between the two planes is
«equal to the angle between their perpendiculars OP and 0Q.
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Let ab be the arc of a small circle whose centre
is C and whose'pole is P. Let O be the centre of
the sphere. Then OP is at right angles to the plane
aCb. OP is also at right angles to the plane of the
great circle of which P is a pole. Through P draw
great circles Pad and PbB to meet this great circle
at A and B. Then OP is perpendicular to 0A, 0B,
Ca and Cb. Hence either of the angles aCb or AOB
measures the angle between the planes POA and
POB and therefore £aCb= L AOB.

P

A
u _arcab _ arc AB
ence radius Ca ~— radius 0.l
ab C C A
or are a 4= sin POa=cos A6(1.

arc AB ~ 0A~ Oa
Thus arc ab=arc AB cos A (3a.

i.e., Distance betwcen two placcs on the same
parallel of latitude=Difference in their longitude
multiplied by cosine of their common latitude.
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EXAMPLE WOREED OUT

On a sphere whose radius is 7 a sma.ll circle of spherical
radits, 0, is described, and & great circle is described having its
pole on the small circle, show that the length of their common
chord is

—~——~.2r +/ —cos 20
gin 6

(Science and Art Exzam. Papers.)

Let O be the centre of the sphere and C the centre of the
small circle. Then OC is perpendicular to the plane of the
smal} circie. Take any point P on the small circle as the pole
of the great circle. Then . :

L POC=the angulsr radius of the small circle=60

and hence OC=r cos 9 and CP=7sin 9, when r is the radius
of the sphere.

Let ¢ be the length of the common chord and d the length:
of the perpendicular from C oo it. Then

2
(;) =12 gin? 0—d?

Again since the angle between OC and the plane of the great.
circle i3 90°—6, we have

cot 0=———— or d=r cos 0 cot 0.

2
Therefore (;) =12 ginZ 0 —r? cos? 0 cot? 0

_r2(sin? 8—cos?6)
gin? 0

Or, c= '21-

v/ =cos 26
sin 0

N.B.—For a real section 20 must be greater than 90° and:
hence the negative sign under tbe radical sign.
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ExAMPLES

1, Shew that any great circle is the locus of the poles of all
its secondaries.

2. Shew that the angle between the plane of any circle and
the plane of a great circle which passes through its poles is &
right angle.

3. Twoequal small circles ace drawn touching each other.
Shew that the angle between their planes is twice the comple-
ment of their spherical radius.
- (Science and Art Exam, Papers.)

4. The angle subtended at the centre of a circle by two points
on it is equal to the angle subtended by them at its pole.

5. If two great circles are equally inclined to a third, their
poles are equidistant from the pole of the third.

6. If a point is equidistant from three great circles, it is also
equidistant from their poles.

7. If two spheres intersect each other, shew that their curve
of intersection is a circle.



CHAPTER II
SPHERICAL TRIANGLE

2.1. Spherical triangle. A spherical triangle
is a triangle formed by three arcs of great circles on
the surface of a sphere. Thearcs are spoken of as
the sides, and their angles of inclination at the points
where they meet, the angles of the spherical triangle.
As in plane trigonometry, the angles are usually.
denoted by the letters A, B, C and their opposite
sides by the letters a, b and ¢. The angles and the
sides are sometimes spcken of as clements or parts
of a spherical triungle. Unless stated to the con-
trary, all arcs drawn on the surface of a sphere will
be taken to be arcs of great circles.

2.2. Restriction of the sides and the angles.
Two points on the surface of a sphere may be
taken to be joined by either of the two segments of
the great circle passing through them. Hence we
can have eight triangles having for their vertices A4,
B and C. 8o to avoid ambiguity and to simplify our
study it has been conventional (as in Art. 1.8, note 1)
to mean by any of its sides, the lesser segment of
the great circle passing through the two correspond-
ing vertices. Thus we get one triangle ABC each
side of which is less than a semicircle, and we
denote this particular triangle as the spherical
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“triangle ABC. Thus in the figure, $riangle ABC is
that one formed by the arcs ADC, AB and BC.

D

Ve

F

It follows from the above that cach angle of a
spherical triangle must be less than two right angles.

For consider the triangle ABC having the angle
B greater than two right angles. Produce the arc
AB to meet the circle ACF at E. Then the arc AFE
is a semicircle and hence the arc AEC is greater than
o semicircle. Thus the triangle ABC having the
angle B greater than two right angles is formed by
the arcs AB, BC and AEC of which the latter is
greater than two right angles. Such a triangle we
have excluded from our consideration. Hence we
conclude that

The sides and the angles of a spherical triangle
must cash be less than two right angles.

The sides and the angles of a spherical triangle
awill generally be expressed in circular measure.
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2.3. Formationgfa Spherical triangle. Let O be
the centre of the sphere and suppose three planes
form a solid angle at O. These planes intersect
the surface of the sphere in arcs of great circles AB,
BC and CA which form. the s.les of the spherical
triangle ABC.

A
c
0 b
c
B
Now the plare anglé AOB= ;ﬁ‘%g/l
le BOC=.8¢BC 4 angle 40c_ _2rc4C
e radius OB " “M8° oc radius OC

and as OA=0B=0C, we see that the arcs AB, BC
and CA are proportional to the plane angles AOB,
BOC and COA, which they subtend at the centre of
the sphere.

If Ab and Ac are tangents to the arcs AB and
AC respectively, the angle A is equal to the angle
bAc, which again is the angle between the planes
AOB and AOC containing the sides AB and AC.
Thus the angles of a spherical triangle arc the same as
the inclination of the plane faces forniing the solid
angle at the centre O of the spheres
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2.4. Polar Triangle.* Ifa trigngle is formed with
the poles of thesides of a given triangle as its angular
points, it is called a Polar Triangle with respect to
the given triangle. Thus if ABC be a given spherical
triangle and A’/, B/, ' be the poles of BC, CA and
AB, then A'B'C! is the polar triangle of ABC. The
triangle ABC is called the primitive triangle with
respect to A/B/C!. Since there are two poles for
each side, we should get eight such polar triangles
with respect to the given triangle. But we call that
particular one to be the polar traingle in which
the poles A’/, B’, (' lie on the same side of their
polars as the opposite angles 4, B, C,

2.5. Theorem. If onc triangle be the polar
triangle of another, then the latter will be the polar
triangle of the former.

Let ABC be a given triangle and A'B/(Y be the
polar triangle. Join AB’ and AC'.

* The properties of the polar triangle were  discovered, by §
Snellius (15911626 A.D.). His Trigonometria was, published
(posthumously) at Leyden in 1627.
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Now since B’ is*the pole of AC, the arc AB' is a
quadrant, and since C’ is the pole of A£B, the arc A’
is also a quadrant. Hence .1 is a pole of B/,
And since 4 and A'lie ou the sarae side of BC,
AA’is less than a gnadrant. Again as .l is a pole
of B/, and 1A’ is less than a quadrant, .1 and A’ lie
on the samc side of B/C". Similarly B is the pole
of A’ and (' is the pole of A’B/, and I3, B’ lie on
the samc side of A/(", and C, (7 on the same side of
A, Therefore AB("1s the polar triangle of A/B/(".

2.6. Theorem. The sides and angles of the polar
triangle ure respectively che supploments of the angles
and sides of the primitive triangle.

Let M and N be the points of intersection
of AL and AC by DB/C' (see fig. of Art. 2.5).
Then AM and AN are each a  quadrant,
because .1 is the pole of B/C" ; und the angle A g
measured by the arc MN. Again B/N end ("M are
aiso quadrants. Hence

B'N -+ C'M = B/C!+ MN =2 right angles,
or BiCl=n—A,
Similarly Al =g—DB and A'B'=z-C.

Again since ABC is the potar triangle of A/B!C/,
we have
BC=gr=4'", CA=n—DB/, and AB=z-0C/
2—1
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Hence denoting the sides of the! triangle A’B/C! by
a', b, ¢!, we have

a/=r—A, V=r-B, and ¢/=r-C,
and Al=r—a, B'=r-b, and O'=7n—c.

Note.—From the above property polar triangles are also termed
Supplemental triangles. Any theorem involving the sides and
angles of a spherical triangle necessarily holds good for the polar
triangle also. Hence for any such theorem there is a supple-
mental theorem involving the opposite apgles and sides, and it
is obtained by changing ‘the sides and angles of the original
theoremn into the supplements of the corresponding angles and
“sides respectively.

2.7. Theorem. Any two sides of a spherical
triangle arc together greater than the third side.

Let ABC be a spherical triangle and O the centre
of the sphere. Now any two of the three plane

angles forming the solid angle at () is greater than
the third. Thus

LAOB+ £ BOC > £AOC

AB BC A0
° 0404~ o
that is, the sum of the arcs AL and B is greater
than the arc /1C.

Cor. Any one side of a spherical polygon is less
than the sum of all the others.

\

s ExAMPLE

Bhew that the difference of any two sides of a spherical
triangle is less than the third side.
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2.8. Theorem.® The sum of the three sides of o
spherical triangle is less than the circamference of a
great circle.

Let ABC be a spherical ‘riangle, and O the centre
of the sphere. The sum of the plane angles AOB,
BOC and COA forming the solid angle at O isless
than 27.

. AB BC CA
i.e., T)—Aﬁ+—(TA—'+—UA—< 2r
or AB + BC + CA < 27.0A.

Thus the sum of the sides is less than the circum-
ference of a great circle. The angular measure of the
sum of the sides is l2ss than four right angles.

Aliter. B

A/

C

Let the sides AB and AC be produced to meet at
the point A’. Then the arcs ABA’ and ACA’ are
semicircles. Now any two sides of the triangle A'BC
arc together greater than the third. Hence we have

L]
A'B + A'C > BC.
Therefore, AB+A'B+AC+A4'C > AB+BC+AC.
or, . ABA'+ACA' > AB+BC+CA
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i.e., the sum of the sides is less® than the circum-
ference of a great circle.

Note.—The above proposition can be easily extended in the
case of polygons.

2.9. Theorem. The sum of the threc angles of a
spherical triangle is grealer than Lwo vight angles and
less Lhan siz right anyles.

Liet ABC be a ¢pherical triangle.  Since cuch of
the angles A, B and (7 is less than =, we have

A+ DB+0 < 3,

Again «'+0'+¢" < 27, where «’, b' and ¢ are the
sides of the polar triangle of ADBC. But a'=z—.1,
V=r—0, ¢=m—C (Art. 2.0).

Hence, s=A+a—B+r—( < 9.
or, A+B+0C > =
Thus 7 < A+B+C < 8.

2.10. Theorem. The diffcrence belween any o
angles of « spherical {riangle 18 less thun (he supple-
ment of the third angle.

Let AB(' be a spherical triangle and A/B'(" be
its polar triangle. Now any two sides of A'B/C" are
together greater than the third.
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"LIMIT OF.THE THIRD ANGLE 2
Hence, a+b >c
or, r—A+7r—=DB > 7~C
i.c., d+B < a+C
Hence, S-0 < =D
and B-C < n—A.
Similarly, A-DB < a=-C.

This theorem gives the limit of the third angle

when two augles are given.

Exauvrris

1. Given two angles of a spherical triangle to be 145° and
307, find the limit of the third ungle.

Here A=145° and B=80°
Hence 145° = 80°=065° < = C
or ¢ < 180°—=05°, i.e., less than 115°,
2. If the difference between any two angles be 90°, shew
that the remaining angle is less than 90°.
3. Shew that the difference of the oblique angles of u right-
angled triangle is less than a right angle.
4. Bhew that the sum of the angles of a right-angled triangle

is less than four right angles.

2.11. Lune. A\ Lunc is a portion of the surface
of a sphere enclosed by two great semicircles. Thus
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in the figure, the semicircles ABA” and ACA” enclose
alune. A" is the point diametrically opposite to A.

All
The angle BAC is called the Angle of the Lunc.
The triangles ABC and A”"BC are called Colunar
Triangles, because they together make up a lune.

The area of a lune can be easily expressed in
terms of its angle, for,

Area of Lune _ Angle of Lune
Area of Sphere 27

A
or, Area of Lune=47r2 2—--=2Ar‘~’,
™

where 7 is the radius of the sphere and A4 the circular
measure of the angle BAC.

If B” and C” be points diamctrically opposite to B
and C respectively, we get two other colunar trianglés
of ABC, namely B"CA and C"AB.
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2.12. Antipoda® triangles. If the points A", B”
and C” diametrically opposite to A; B and C res-
pectively be taken to form a triangle, the triangle
A"B"C" is called th. Antipodal trianglc to ABC.

The arcs AB and A”B” join diametrically opposite
points. Hence they are parts of the same great circle
and are equal in length. So also the arcs AC and
A"C" are equal, as ulso the arcs BC and B"C". Again
the angle A is equal to the angle A” for they are
comprised by the great circles ABA"B” and ACA"C",
Similarly B=B" and C=(". Hence the triangles
ABC and A”"B"C” have all their elements equal. If
the triangle A”B"C" be shifted from its place on the
surface of the sphere till B” falls on B and C” falls on
C, the point A” will not fall on 4 but will lie on the
opposite side of BC. That is the triangle A”B"C"is not
superposable. on triangle ABC. Such triangles are
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called symmelrically cqual * as lélistinguisbed from
identically cqual or congruenl triangles which are
superposable on each other.

2.13. Two triangles on the sume sphere are
equal (symimetrically or identically) when they have
the following elements of one triangle equal to the
corresponding elements of the other triangle.

(1) Two sides and the included angle,
or, (2) Thrce sides,
or, (8) Two angles and the adjacent side.
or, (4) Three angles.

The cases (1) to (3) are analogous to plane geo-
metry, but (4) has no such analogue. It is derived

from (2) by the consideration of the supplemental
triangles.

2.14. In this and the following artieles ave given
some theorems of plane geometry which hold good
in the case of spherical triangles as well,  One such
case has alrcady been dealt with in Art. 2.7.

Theorem. The angles al the hase of an isosceles
spherical triangle are equal, and conveorsely if two
angles of « spherical triungle are equal, the opposiic
sides are cqual,

* This term is due to Legendre (1752-1833). See his E'léments
de Géométrie, Paris, VI, Def. 16, 1794.
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Let ABC be a,spherical triangle of which the
sides AB and AC are egual. Take D to be the
middle point of AC. Join 4D by a great circular
arc. Then the triangles ADB and ADC have their
corresponding sides equal, ench+o each, and therefore
they are symmetrically equul, Hence the angle
B =the uangle C.

For the converse case, take the angle B =the angle
C, and let A'B'C" be the polar triangle of ABC.

Now b'=r—Bandc¢'=a—-C
and as B=C, we have b'=c¢’ ; hence B'=C".

Again b=r—B’ and c=a~-C".
Therefore b=c, i.c., AB and AC are equal.

2.15. Theorem. If one angle of a spherical
triangle is greater than another, then the side opposite

to the greater angle is greater than the side opposite
to the less and converscly.

A

D

Let ABC be a triangle of which the angle 4 is
greater than the angle B. Draw a great circular arc

2—11
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AD making the angle BAD =thesangle ABD. Then
the arc AD=the arc BD.

But in the triangle ADC, AD+DC > AC.
Therefore BD +DC, i.c., BC > AC,

The converse case is easily proved with the help
of the polar triangles.

EXAMPLES

1. When does a polar triangle coincide with the primitive
triangle ?

Ans. When each element equals 3.

2. Tf two small circles on a sphere touch each other, shew
that the great circle joining their poles passes through their point
of contact.

3. If a triangle is equilateral, shew that its polar triangle is
ulgo equilateral.

4. TIf two sides of a spherical triangle be quadrants, shew
that the angles at the base are right angles.

5. If all the sides of a spherical triangle be quadrants, all
of its angles are right angles.

6. Tftwo sides of a triangle are suppleraental, shew that the
opposite angles are also supplemental.

7. If two sides of a triangle are suppiemental, shew that two
sides of its polar triangle are also supplemental.

8. The base of a spherical triangle is given : find the locus of
the vertex when the sum of the other two sides is equal to two
right angles.

Ans. A great circle having the middle point of the base
as polt.



CHAPTER 111

RELATIONS BETWEEN TEE TiIGONOMETRICAL FUNCTIONS
OF THE SIDE® AND TEHE ANGLES OF A SPHERICAL
TRIANGLE.

v5.4. Fundamental Formulae, H.rpression for
the cosine of an angle wn terms of the sines and
cosines of the sides,

A

D

Let ABC be a spherical triangle and O the centre
of the sphere. At A draw the tangents AD and AE
to the arcs AB and AC respectively. They lie in the
planes AOB and AOC respectively. Let them meet
OB and OC produced at the poinvs 1) and E. Then
the angle EAD is equal to the angle A of the spheri-
cal trisngle. Join DE.

From the triangle DOL, we have
DE2=0D2%+0E2-2 OD.OE cos a.
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Again from the triangle DAE *we have
DE2=AD2?2+ AE2-2 AD.AE cos A.
Hence by subtraction we have
0=0D2-AD?+ 0E2—AE2+2 AD.AE cos A
—2 OD.OE cos a.
=2 0A2+2 AD.AE cos A—2 OD.OE cos a

for the angles OAD and OAE are right angles.

0404 , AE AD
OE'0D ~ OEOD

i.e., cos a=cos b cos ¢+sin b sinc cos A.

Therefore, cos a= cos 4,

Similarly, cos b=cos ¢ cos a+sin ¢ sin a cos B,

and cos c=cos a cos b+sin asin b cos C.

cos a—cos b cos ¢

Hence eog A=7"" 0 F T UVET.
sin b 8in ¢

cos b—cos ¢ cos a
sin ¢ sin a

cos B=

cos c—cos @ cos b
and cos C="20" 0 22 22 2
sin a sin b

The above relations are the fundamental formule *

¥ The cosine theoreis was implied in the rules of ancient
Hindu Mathematicians for finding the time-altitude and the
alt-azimuth equations and the diurpal motion, and was used by
them to solve spherical triangles. Cf. Panca Siddhantika, IV,
42-44, vy Yarahamihira (505-587); Brahma Sphita Siddhanta,
111, 26-40; and Khandakhadyaka, 11T, 13, by Brahma Gupta
born in 598 A.D.; and Saryasiddhanta, 1II, 84-85 (written
about the 4th century). It was exhibited in a systematic form hy
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of the spherical ‘figonometry. All other formuls
can be made to depend upon them.* -

8.2. On referring tc the figure of the last article
it is seen that the augles A0D and AOE are acute
angles, and hence the arcs b and ¢ containing the
anglec A are each less than a quadrant. No such
restriction, however, has been placed upon the arc a,
so that « may be greatcr than, equal to, or less than
a quadrant., We shall now show that the above
formulee upply to all spherical triangles whether
the ares be greater than, equal to or less than a
quadrant.

(1) Let one side b be greatcr than a quadrant.

A4

B
Produce CA and CB to meet at C’. Then

the German Mathematician Regiomontanus (1436-1476) in 1160
ard afterwards by the Danish Astronomer Tycho Brahe about
1590. Euler also gave a proof of the theorem in his Mémoires
de Berlin in 1758. Some are of opinion that it was discovered
by Albategnius (900 A.D.) who in fact borrowed it from the
Hindu Astronomy.

**  Ag was shown by Lagrange (1736-1818). See also Gauss
(1777-1855), Ges. Werke, Vol. IV, p. 401.



30 . SPHERICAL TRIGONOMETRY
C'"A=n—b, snd C'B=r—a. Hence from the triangle
ABCl, we have’

cos BC'=cos AB cos AC'+sin AB sin AC’ cos BAC/,

or cosa=cos b cos c+sin b sin ¢ cos A.

(2) Next let b and ¢ be each greater than a quad-

rant.

c

Produce AB and AC to meet at A’. Then from
the triangle A’BC, we have

cos BC=cos A’C cos A’'B +sin A'C sin A'B cos 4/,
or cos a=cos b cos ¢c+sin b sin ¢ cos 4,
for A/C=n—b, A/B=n—c and A=A/,

(8) Thirdly let b be equal to a quadrant.

From AB or AB produced cut off AD equal to- u
quadrant. Join CD.
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Now if CD be agjuadrant, C will be the pole of

A

D c

B

AB, and the formula becomes 0=0. If CD be not
a quadrant, we have from the triangle BCD,

cos a=cos BD cos ("D +sin BD sin (D cos BDC
=gin ¢ cos A

for cos BDC=0. The formula also reduces to this
when b=43nr.

(4) Lastly let b=c=4%x. Then our formula re-
duces to cos a=cos A, as is otherwise evident, since
A is the pole of BC, Thus A=a.

Thus our formula is universally true.

3.3. Expression for the sine of an angle.

a- b
cos A=298 ; cos. 008 ¢
sin b sin ¢

\ We have
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Therefore
2

. cos
gin24 =1— |68 @~Co8 b cos ¢
sin b sin ¢

_8in®b sin®c — (cos a—cos b cos )2
sin?b sin?c

( —cosgb)(.'fQOBQc) (cos a ~cos b cos 08 0)2

sin?b sinZ¢

_1 —cos?a—cos?b —cos2¢c +2cos a cos.b cosc
sin?b sinZc

80 that
sin A= V{1 —cos’a—cos2b —cos2c+2 cos acos b cosc}
sin b sin ¢ '
Assin A, sin b and sin ¢ are all positive, the

radical must be taken with the positive sign.
For the sake of brevity and owing to the import-
ance of the expression under the radical sign, we put

4n2=1—cos?a —cos2b—cos?c +2cos a cos b cos ¢
’

go that
sin A= ——2" __ sin b= 2"
sin b sin ¢ sin ¢ sina
and sin C= 2n

sin a sin b °
n is called the norm of the sides of the spherical
triangle.*

* This nomenclature is due to Professor Neuberg of Liege.
Professor Von Staudt (1798 -1867) calls 2n the sine of the triaugle
ABC. See Crelle’s Journal, XXIV, 1842, p. 252.
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8.4. From theyalue of sin 4, we have at once

sind _sinB _sinC _ 2n
sin a sin b sinc sinesinbsinc’

i.c., the sines of the angles of a spherical triangle are
proporticnal to the sines of the opposite sides.

Owing to the importance of this result, we give
an independent proof of it in the next article.

3.5. Rule of Sines. The sines of the angles of a
spherical triangle are proportional to the sines of the

opposite sidcs,

Let ABC be a spherical triangle and O the centre

of the sphere. From A draw AX perpendicular to

e plane BOC, and AY and AZ perpendiculars on
B and OC respectively. Join OX, XY and XZ.

3



34 SPHERICAL TRIGONOMETRY

Then since AX is perpendiculai to the plane BOC,
it is at right angles to 0X, XY and XZ.

Hence 0A2=0X2+AX?2, AY2=AX2+XY?

and AZ2=AX24XZ2.

Also 0A2=0Y2+AY2=022+ AZ2.

Therefore, 0X2=042-AX2=0Y2+AY2-AX?
=0Y2+XY?2,

Similarly, 0X2=0A42-AX2=0Z2+A2% —-AX2
=022+ XZ2.

Thus XY and XZ ure at right angles to OB and
OC respectively.

Now since AY and XY are in the planes OAB
and OBC and arc at right angles to their line of
intersection OB at Y, {the angle AYX measures the
angle B of the spherical triangle. (Art. 2.8). Similarly
angle AZX measures the angle C. Hence

AX=AY sin AYX=AY sin B=0A sin ¢ sin B
and AX=AZ sin AZX=AZ sin C=0A4 sin b sin C.

sin B sin C
Therefore SR 2R
sin b sin ¢

Since B and C are any two angles of the spherical
triangle, it follows that

sind _ sinB _ sinC

sin a gin b sin ¢

* This theorem appears in a different form in the 8rd book
of the Sphaerica of Menelaus of Alexandris (100 A.D.). It was
algo known to Ab’l Wefd (940-998) of Arabia and possible to kis
contemporary Abd Nésr.
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3.6. Analogous formuie in Plane Trigonometry.

The sine and cosine formul® in the previt;us articles bear
some resemblance tn the corresponding formuls in Plane Trigono-
metry. In fact the latier :ar he derivcd from the former when 7
the radius of the sphere is taken to be inaefinitely great, for then
the great circular arc reduces to a straight line ard the limiting
form of the proposed formula bhecomes the formula for Plane
Trigonometry.

Let a, 8, ¥ be the lengths of the sides of the spherical triangle
ABC, then &, L -, Y. are the circular measures of the sides, r
T T T

veing the radius of the sphere. From Art. 3.1 we have

cos 2— cos b cus ¢
cos h="rrmr ——— 77
sin b sin ¢

a B
COB — — CO0S8 — COS
T T

B Y
8in — sin ~
T r

Kxpanding the sines and cosines in series, we get
a? ) ( B )( 9
- — +..)-\1- = -
(1 2r2 * 2r® e 1 r? *e
cos A="-
LBy, ) _ )
(7 6 r? k 6 7 +

Hence, retaining terms involving only up to 17 and taking r
r

to be infinite, we have

whicw is the expression for the cosine of an angle in terms of
the sides in Plane Trigonometry. .
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Similarly for the sine formula we Eave

s
sin

sind  sina T

sinB "~ sinb ;8
which on expansion becomes

3
e_1 s
r 3ir ___a_+ u(g?“:az)
B_18°, 8 68r?
r 3172 7

Hence taking r to be infinite, we have

sinA=_a
sin B B’

i.€., 1D & plane triangle the sines of the amgles are proportional
to the opposite sides.*

8.7. Distance between any two places on
Earth’s surface.

Let A and B be two places on Earth's surface
and let their latitudes and longitudes be I,, I5 and
Ay, Ao respectively, Take I’ as the pole of the

* This formula is implied in Khandakhddyakae, VI, 1, by
Brahmagupta. See the English edition by iP. C. Sen‘Gupta,
P. 115,
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Equator and draw fwo secondaries to it through A
and B respectively meeting it a* ¢ and b'respectively.

Then Aa=I1,, Bb=1, and ab=xy—A,.
Now from the triangle PAB, we have
cos AB=cos P4 cos PB +sin PA sin PB cos APB
or denoting the arc AB by §, we have
cos o=8inl; sin lg+cos I, cos Iy cos (A\; —Ag) ... (1)

This formula can be put in another form, from
which & can be obtained when A and B are very close
to each other. For we have

cosd=sin Iy sin ly{cos? §(A, —A,) +8in? F(A, —Ag)}
+cosl; cos lg{cos? }(A; —Ag) —sin? (A, =A%)}

=cos (1) —1lg) cos? (A3 —Ag) —cos (I; +1g)
Sinz %(Al —AQ).
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Subtracting this from '

1=cos? ii)tl —Xg) +8in2 (A, —A,p)
we get
sin? g_=cos'~’ 30y =1y) sin? 3(1; —1,)
+8in2 3@, —Ap) cos? 3(1, +15). ... (2)

Hence when A and B are very close together, the
approximate value of 8 is given by

32=(1;=19)2+ (A, —2Ag)2 cos? &, +1,). ... (8)

EXAMPLES WORKED OUT

Ez.1. If D be any point in the side BC of a triangle ABC,
shew that

cos AD sin BC=cos AB sin D +cos AC gin BD.

co8 AB—cos AD cor BD

", DB=22"27 W98 T RO 2
We have cos 4 sin 4D sin BD

cos ADC =298 AC~cos AD cos ('D
sin AD gin CD

and

But co8 ADB= —cos ADC(.

Hence cos AB sin CD +cos AC sin BD
=co8 AD(sin BD cos CD + cos BD sin CD)
=cos AD sin BC.

v

Ez. 2. In any triangle, shew that

sin (4+B) _ cos a+cos b
sin C 1+cosc
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L]
gin (A +B) _ sin'A cos B+cos A sin B
We have sin C sin C .

.08 h—Cos @ cos ¢, Co8 a—CO8 b cosc
— T - G V]
sinc sinZc

by Arts. 31 & 3.4

1+cos ¢

_ cos atcos b

Ez. 8. If @ B and y be the urcs joining the middle points
of the sides of a spherical triungle 4 B(, shew that

cosa cos B coay l+cos a+cosb+cos ¢
a c a c

cOo8 —  COos ll cos - 4cos — Cos b— cos
2 2 2 2 2 2

The arc a joins the middle points of b and ¢. Hence we have

b c . . c
CO8 a=(08 - €08 .- +8in b_ sin ~ cos A
2 2 2 2

a

¢ cos a—cos bcos ¢

b ¢ b
=C08 — CO8 — +38In _-8In . - -
] 2 2 2 sin b sin ¢

» by Art. 8.1

(1+cos b){1+cos ¢)+cos a—cos b cos ¢

b ¢
4 cos — cos .
2 2

_l+cosa+cosb+cos ¢

4 cos {)— cos .
2 2

. cosa l+cosa+cosb+cos ¢

cos®  4cos cos b_ cos &
2 2 2 2

Similar expressions are obtained for cos 8 and cos y. Hence the
result.
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Ez. 4. In a spherical triangle ABC. g'reut circular arcs a, B
and 7 are drawn from the vertices 4, B and C perpendicular to
the opposite sides and terminated by them. 8Shew that

sin a sin a=sin b sin B=sin ¢ sin ¥

= +/(1 —cos?a—coa?b —cos?c + 2 cos a cos b cos ¢)
(Cc.U., M.A. & M.Sc., 1932.)
A

B c
D
Let «, Band 7y meet the opposite sides in D, E and F respec-
tively. Then from the triangle ABD, we have
sin a=sin ¢ sin B, by Art. (3.4).
sin @ sin a=sin a sin B gin c.

Similarly from thé triangles BEC and BFC, we have

sin B=sin @ sin C and sin y=sin @ sin B.
Hence sin a sin a=sgin b sin B=sin C sin y=sin a sin b 8in C,
. . n
=gin a 8in b ————- =2n
sin a sin b

= v/{1=cos%a—costb—cos?c +2 cos a cos b cos c).

Definition. The length of the great circular arc, drawn from
the vertex of a spherical triangle perpendicularon the opposite side
and termipated by it, is called an Altitude of the triangle. Thus
in the above example @, 8 and y are the three altitudes of the
triangle ABC.
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The above example sfews that

The product of the sine of a sice and thé sine of the cor-
responding altitude has the sume nalue, whichever side be taken.

Ez. 5. Two ports ave in the .eme parallei of latitude, their
common latitude being I and their differ. nce of longitude 2A ; shew
that the saring of distance in sailing from one to the other on the
great circle, instead of sailing due east or west is

21 {x cos I—sin~*(sin A cos 1)},

A being expressed in circular measure, and r being the radius

of the earth.
(C.U., M. A. & M.Sc. 1931.)

Let a and b be the two ports. Through the pole P of the
small circle ab draw great circular arcs P14 and PbB to meet
the great circle of which P is the pole (the equator) at 4 and B.
Then 4B is the difference of longitude.

Let the arcual distance ab along the small circle be & and, along
s great circle be d, so that their respective circular measures are
s d

~and —.
r r



42 SPHERICAT, TRIGONOMETRY

.
Now b . 1.14, M = = L
w by Art. 1.14 aro AB cos AOa=cos
5 =9 cos .
r

Again cos g. =cos® (F-=1)+sin® (§ =1) cos 2,

=8in2l+cos?l cos 2A.

.. d .
Hence 2 sin® 2—f-=c05" 1—cos® 1 cos 2A=2 cos?l sin®A.

. d .
Jo sin-—=cos [ sin A
2r

or . =gin~! (cos ! sin A).
2r
Hence the required saving of distance=s—d
=2r A cos [—2 7 sin™! (sin A cos 1)

=27 {A cos I—sin~! (sin A cos N}.

ExAmMpLES

1. If A=a, shew that B and b are equal or supplemental,
as also C and c.
2. The base BC of the triangle ABC is bisected at D.
Shew that
(1) cos AB +cos AC:=% cos 4D. cos BD.
{1i) s8in BAD :sin CAD=sin b ;: sinc.
3. In an equilateral triangle, shew that

(i) sec A=1+seca,
¢ a . A
(1) 2 cos Esm T =1.

(46) tan? ; =1-2cos 4.
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4. If an angle of% triangle be equal or supplemental to the
opposite side, shew that .
1—sec?a~sec?b—sec? +2 sec 2 sec b sec ¢=0

5. If 3 bethe lengil of the arc joining the middle point of
the side AB with the ve~tex (!, shew that

cos a +cos b
cog § =+ ——

6. The base B(' of the triangle AB(C is bisected at X, und
a point Y is taken on BC such that the £ BAX= £ CAY. Shew
that
sin BY :sin CY =sgin? ¢ : sin? b.

7, In a triangle 4BC, a, 8, ¥ are drawn perpendiculars from
the vertices 4, B, (' on the opposite sides. Shew that

(1)  sin a cos a= +/{cos®b + cos?c—2 cos a cos b cos ¢},

(i) sin b cos B= +/{cos?a +cos?c—2 cos a cos b cos c},
(117)  sin ¢ cos y= +/{cos?a + cos?h —2 cos a cos b cos c}.
8. Prove that

8n3=gin?a sin?b sin’c sin 4 sin B sin (.

9. 1In any triangle, eshew that

sin (A~B) _ cos b=cos

sin C l—cos¢

10. If a’ be the arc joining the middle points of the sides A'B
and A’C of the colunar triangle of ABC, shew that

cos o' _1+cog a~cos b—cos ¢
4 sin 3 b sin 3c
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11. Tf a, B and % be the arcs joining tht middle points of the
sides of a spherical triangle, shew that when one of them is a
quadrant, the other two are also quadrants.

12. A port is in latitude I (North) and longitude A (East).
Shew that the longitudes of places on the Equator distant 3 from
the port are

A+ cos™? C.ii)
- cos/

(Science and Art Exam. Papers.)

13. Two places on the Earth’s surface are distant, one 0
from the Pole and the other 6 from the Equator, and their
difference of longitude is ¢; shew that the angular distance

between them is
cos” ! (8in 2 6 cos? }¢).

(Science and Art Ewam. Papers.)

3.8. Expressions for the sine, cosine and tangent
of half an angle.
We know that

cos A=1—2 gin? ;1

Hence, sin? A _1—cos 4
2 2

sin b sin ¢ J
by Art. 8.1
=3 { cos(b—c)—cosa }

8in b sin ¢

=%{1_cos a—cos b cos ¢ |

—5in 3(@+b—c) sin §(a—b+c)
sin b sin ¢
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Put 2s=a+b ¥ ¢, then s denotes the half of the
sum of the sides of triangle, and -
a+b—c=2(s—c), a—b+c=2(s—b)

30 that
sin? 4 =80 (s—b) sin (s —c)
2 sin b sin ¢
in 4 sin (8—b) sin (s—c) [*
H , a2 —D) sin (s—c
ence, sin 5 V { L en -
B [ 8in (s—c) sin (s—a) }
Similarly, = ]
imilarly, sin 9 V l e en s
d inC - [ sin 8in (s—a) sin (s—b) }
. o 2 V l sin a sin b
Again,
A _l4cos A
24 _
cos? o =T
:,1;[ 14 cosa— cosbcosc_w‘[
l sin b 8in ¢ |

=3 cos a—cos (b +c¢)
- sin b sin ¢

_ 8in 4 (a+b-c)sin 5 (b+c—a)
- sin b sin ¢

__ 8in 8 sin (s—a) ,
sin b sm ¢

*  Obtained by Euler (1707-1783) in 1753.
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*
Hence cos 4 5 /\/{ .SLI}JS_S_IE* (s—a) }

sin b sin ¢
Similarly, cos B _ v ( _E‘_ig.f-.s»i?.i(‘q’.f:l’)._ } ,
2 sin ¢ sin @

U G sin § sin (s—c)
and éos 5= /\/I ——————}

sin a sinb

From the above results, we get
A 8in (s—b) sin (s—¢)
t = =
g V[ sin § sin (8—a)

. 53_‘_ sin (s—c¢) sin (s—a)
tdn?. - /\/{ gin s sin (s—b)

C gin (s —ua) sin (s—b) )
d tan —= (.
anc tan 5 A [ 8in 8 sin (8—¢)

The radicals in the results of this article must be
taken with positive signs, since the half angles are
each less than a right angle and hence their sines,
cosines and tangents are all positive.

3.9. Again since gin 4 =2 sin —24— cos —24,
we have
2 o : . 3
sin A= —Eb e {sin s sin(s —a)sin(s —b)sin (s —c)}Z.

%  Euler, . c.
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Comparing it with the expression for sin 4 as given
in Art. 8,3 we get

n?=sin s.sin (s—a} sin (3 —b) sin (s—c)

rhlr—l

{1—cos%a—cos2b -cos2c+? cos a cosb cos c}.*

3.10. Analogous formulae in Plane Trigonometry.

Taking a, B, ¥ to be the lengths of the sides of the spherical

H a
triangle, we have —° B
T

and -X. as their circular measures. Then
7 r

Bl[l — 8in

A { sin s gin (s—an)i

cos &= = o
U sind sinc 3 sin g sin 1 S
T T

where 2s'=a+B+7.

Hence on expanding the sines and cosines, we have

[< gy (o }]*
208 = 3 .
LR ) )

ro 61

Thus retaining ouly up to the second power of r and taking
to be infinite, we get

cos ‘Aa VS’(s’—a)
2 By

% These expressions for n are given by Euler in Novi
Commentarii Petropolitana, Vol. IV, p. 158.
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for the relation for a plane triangle. ¢

- LA (8" =B)(s"=7)

Bimilarly, sin 7= T
A_ (8’ ~B)(s' —
and tan 5= Yo —a )
Again from the relation
sin A= 2n _ 2{sin s sin (s —a) sin (s—b) sin (3-‘;)}&
sin b sin ¢ 8in b sin ¢

we get

2{s'(s" —a)(e' —B)s'— )}
By

so that the area of the plane triangle ABC is

sin 4=

A={s'@—a)s'=B)s N}
This form is due to Heron of Alexandria (50 A.D.).

ExAMrLES
In any spherical triangle, shew that

sin (8 —¢)
sins

1. tan 34 tan }B=

2. cot3Av: cot B : cot 3C=sin(s—a) : sin(s—b) ; sin (s—c).

.. _cos §B cos 3C .

3. s#in g= oA Y] . 8ln a.

sin §B sin §C
sin 44

5. sin 8 sin a sin b sin ¢ sin } 4 sin 3B sin §C=n?,

4, sin (s—a)= sin @,

cos 4B | sinc
cos 4C  sin(s—b) "

6. cosec 34 =
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3.11. Expressidn for the cosine of a side in
terms of sines and cosines of the angles.

Lei a’, b’ and ¢’ be the sides and A, B’ and C’
the angles of the polar triargle of ABC. Then by
Art. 8.1 we have

cos a/=cos b’ cos ¢/ +sin b’ sin ¢/ cos A'.

Substituting the values of a’, b', ¢/ and A’ from Art.
2.6 we have

cos (r—A)=cos (r— B) cos (7= C)

+8in (r—B) sin (r—C) cos (v—a),

that is, cos A=—cos8 B cos (' +sin B sin C cos a.
Similarly, cos B=—cos C cos 4 +sin C sin 4 cos b,
and cos C= —cos A cos B +sin A sin B cos c.

These * can also be written as

cos A +cos B cos C

cos a= . g R
sin B sin C
cos B+cos C cos 4
cosb=r-———— -,
gin C sin A
cos C +cos A cos B
and cos c="08 " T COS 4 CO8

sindsinB

* These formulae are due to the French Mathematician
Vieta (1540-1603) who published them in the eighth book of
his Variorum de rebus mathematicis responsorum in 1595.
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3.12. Analogous formula for plane tri.ngle.

When r the radius of the sphere is taken to be infinite, we
have

a
o8 a=coB=— =1,
T
Hence the formuls

co8 A= —cos Bcos C+sin Bsgin C cos a
becomes cos A= ~cos B cos C +sin B sin C
80 that B+C=n~4 or A+B+C=m,

showing that the three angles of a plane triangle are together
equsl to two right angles.

3.13. Expressions for the sine, cosine and
tangent of half of a side in terms of sines and cosines
of the angles.

1—cos a

. o @
We havesin? - 5

Il

=11~ cos"_A +cos B B cos C
k sin Bsin C }

=3 | —cosd+cos (B+C)
sin B sin C

cos;}(A+B+C)con§(B+C A)
sin B sin C




FORMULAE FOR HALF SIDES 51

Putting 28=4+ B +C, we have

e/ cos S cos (S = A)
g { sm BsinC

with similar expressions for sin b and sin }c.

=1_+cos a

Agai 522 cosa
gein cos® 5 5

cos A+cos B cos C
14 S03 L TO08
%{ sin B gin C }

=1 cos A+cos (B— C)
: sin B sin C

_cos 3(A— —B+C) cos 3(A+B—C)
sin B smC

_cos (S—=B) cos (8—M
sin B sin C )

Hence cosg_ = /\/ {00‘3 (8=B) cor (8—C) } )

sin B sin C

‘ o _ /[ cosSoos(S—d) _
Also tan§ - \/ cos (S—B) cos (8§—0C) }

The radicals must be taken with positive signs
since 4a is less than a right angle.
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Tt 15 to be noted here that the value of S lies be-
tween 47 and $r. Hence the value of cos S is
negative and the values of S—A4, S—B and S—C lie
between —3r and 47 (Arts. 2.9 and 2.10) so that their
cosines are positive. Hence the expressions within
brackets are positive so that the values of sin 3a,
cos 3a and tan }a are all real and positive.

The above results could have been obtained from
the results of Arts. 3.1 and 8.8 by changing the sides
and angles into the supplements of angles and sides.
They illustrate the proposition that if a theorem holds
good between the sides and angles of & spherical
triangle, the theorem will remain true when the
sides and angles are changed into the supplements
of the corresponding angles and sides respeetively.
(Art. 2.6, note.)

3.12. Expression for the sine of a side.

We have sin a=2 sin }a cos }u

= _,2___‘__7 —cos S cos(S—A)cos(S— B)eos(S—)
gin B sin C

We shall use the symbol N to denote

1
{—cos S cos (S—A4) cos (S—B) cos (S—C)}?;
2N
“sin Bsin C
2N 2N

Similarly, sinb=----.- - and sinc=-.—7 . _,
D sin C sin A sin A gin B

then sin a=
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Thus

9N =sgin a sin B sin U=sin A4 sin b sin C
=sin A sin B sin ¢.

N is calied the Norm of the angles * of the spherical
triangle.

EXAMPLES WOREED OUT

Ez. 1. Tn any triangle shew that
cos d+cos B _ sio (a+D)
1—cos C sin ¢
We have cos A= —cos B cos C+sin B 8in C cos «
and cos B=—cos A cos C+sin 4 8in C cos b,

Adding these we get
cos A +cos B= —cos ( (cos A +cos B)

+8in C (sin B cos a +sin 4 ¢ns ),

whence, (cos A +cos B) (1+cos C)
= sin? (. (sin b cos a+sin a cos b) , by Art. 3.4.
sin ¢
Thus cos A +cos'B _ sin (a +b)
1—cos O sin ¢

* Due to Professor Neuberg. Professor Von Staudt calls 2N

sine of the polar triangle. Various expressions for N were given
by Lexell in Acta Petropolitana, 1782, p. 49.
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t
Ez. 2. If 6 and ¢ denote the angles which the internal and
external bisectors” of the angle ¢ make with the side 4B,
shew that

_cos A~cos B

3 0
cos 2 cos C

and  cos 6 =¢°8 A+cos B
) 2 ¢in §}C
Let 8 and & be the lengths of the internal and external bisectors
of the angle C and let them meet AB at D und I respectively,
making with it the angles 6 and 6. Then from the triangle ACD,
we have by Art. 3.11
__co8 A +cos 0 cos 3C
co8 d=—r" T =_
sin 6 gin 3C

Similarly from the triangle BCD, we have

co8 B—cos 0 cos 3C

08 &= - -
¢ gin @ sin §C

Equating these two values of cos 3, we have

cos =084 ~ cos B
2cos 3C

Again from the triangles AEC and BEC, we have

,_cos A +cos 6 cos (m+0()
cos &' = — e e e

sin 0" sin 3(r + ()

(08 (r—B) +cos & cos }(r—C) |
sin 0" sin Y(r—()

cos A+cos B

whence, cos 0'= . iy
ence 2 sin 3C
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ExAMPLES

1. If the side BC of the triargle ABC be a quadrant. *shew
that
cos A +cos R cos 7 =0

2. 1In any triangle, shew that

cos 4 —cos B= gin (b—a)
1+cos sinc

3. In any triangle, shew that

308 A*cos B o i _0)sin c=0,
1—cos C

and x %8 i—_cgsTB_ sin (a +b) sin ¢=0.

4. Inan equilateral iriangle, shew that

tunz—g =1-2 cos A.

5. Bhew that
4 N2=1—~cos? A —cos? B—cos? C—2cos 4 ccs B cos C.

6. If a, B, v be the arcs of great circles drawn from 4, B, ¢
perpendicular on the opposite sides and terminated by them, shew
that

(#) sin 4 sin a=sin B sin B=sin C sin y=2N,
(#) sin a sin a=sin b sin B=sin ¢ sin y=2n.

7. Prove that
sina _ sinb _ sinc _n

gind snB sinC N’

8. Prove that
- ot
sin a sin b gin ¢’
=—'2———N,;———
gin 4 sin Bsin C

and
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9. B8hew that ‘

2N = (sin ‘u sin b sin ¢ sin?, 4 sin? B sin? C)i.
10. Shew that

4nN = sin asin b sin ¢ sin 4 sin B sin (.

11. Shew that

tan b-tﬂn ¢ - oS
2 2 cos (S—4)

12. Shew that

tan % ¢ tun -g : tan%=cos(S—A) t cos(S—B): cos(S—0).

13. Shew that

sin? a +sin? b +8in2 ¢ - 1—cos a cos b cos ¢
3in2 4 +sin2 B+sin2 ¢ 1+4cos 4 cos Beos C~

(Dublin University Exaniinaiion Papers.)
14. Shew that

cos (§—A4)_cos 3b cos ¢

sin 4 cos a
15. Shew that
—cos §= i 42 8iv b sin €
cos #¢
n

T2 cos 3a cos 3b cos 3¢’
6. Shew that
cot 3a cos (S--A4)=cot b cos (S—B) =cot 3¢ cos (S—C)

n
2sin §a sin 30 sin Fc

= —cot }a cot }b cot 3c cos S=
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8.15. Relations existing between.two sides, the
included angle and another angle.
Cotangent formulae. I . ary spherical triangle,
cot @ sin b = cot A sin C + cos b cos C.
We have
cosa = cos b cos ¢ + sin b sin ¢ cos 4

=z cos b (cos a cos b + sin a sin b cos C)

by substituting the values of sin ¢ and cos c.

Thus
cos @ (1 —cos? b)= sin a sin b cos b cos C,

+ sin a sin b sin C cob A4,
or, cos a sin? b==sin a sin b (cos b cos C'+cot A sin C),
i.e., cot @ sin b = cot A sin C + cos b cos C.

By proceeding similarly we can get five other
formulae, namely,

cot b sina = cot B sin (' + cos a cos C.
cot b sin ¢ = cot B sin 4 + cos ¢ cos 4.
cot ¢ 8in b = cot C sin A + cos b ros A.
cot ¢ sin a = cot C sin B + cos a cos B.

cot a 8in ¢ = cot A sin B 4 cos ¢ cos B.
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[}

Of the four elements entering into any one of the
formulae it will be noticed that one side lies between
two angles and one angle is included by the two sides,
and if we denote them by 1 and 2, and the remaining
side and angle by 8 and 4 respectively, all the for-
mulae ¥ are expressed in the form

| sinl sin2 |
cos 1 cos 2 = ‘
cot 4 cot 3

3.16. Napier’s analogies.
We have

tan 34 tan $C +tan 3 B tan 1}0
1—tun A4 tan 4B
Substituting the values of tangents from Art. 3.8
we geb

tan 3(4 + B) tan 3C=

tan 3(A + B) tan 3C = Sn(E~) +sin(s—b)
sin s —sin(s —c¢)
_cos $(a—b)
cos 2a+b) "

cos ¢ (a—b)
Thus, tan 3(4+B) tan $C= os L@ Eb) .. @)

Similarly,

sin 3 (a—b)

B) tan 3C .
tan 3 (4—B) tan ; sin L (a+b)

* Dr. Leathem states the formula in the form
(cosine of inner gide) (cosine of inner angle)
= (sine of inner side) (cotangent of other side)
— (sine of tnner angle) (cotangent of other angle).
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L]
Again by substituting the elements of the polar
triangle in (1) and (2), or proceeding as in (1) and
(2) with tangen*s of half sides (Art. 8.18) we get
tan %(a+b.) cosi(an—B)
tan 3¢ "~ cos ‘}(A+B)

tan $(a—b) sin3(A—B),
and tan 3¢ sin4(4d + B) e (4)

The above four formulae are known as Napier’s
analogies.*

As a, b and C are less than « (Art. 2.2), cos 3(a—b).
and tan 3C are essentially positive. Hence in
(1) tan 4(A + B) and cos %(a+b) must have the same
sign. Therefore (4 + B) and %(a +b) must either be
both greater than %= or both less than %, i.e.,
3(A+B) and }(a+Db) arc of the samc affection. The
same result follows from (3) also.

(3)

3.17. Delambre’s analogies.

We have sin 3(A + B) =sin 34 cos 3 B +cos 344 sin 4 B,

Substituting for sin 34, cos 4B, etc., their
equivalents from Art. 3.8, we get

sin (s—b)+sin (s —a) Msmssm 5—¢)
sin ¢ sin @ sin b

sin $(4+B)=

— 8in (g=b) + sin (8-0) o\ 1
Slll C

— 2sin $o cos %(a-—b)cos 1C.
sin ¢
% Napier (1550-1617) discovered these analogies and published
them in his Mirifici Logarithmorum Canonis Descriptio in 1614.
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sin §(4+B) _cos 1(a—b) (1)
TR eos 30 cos 3¢
Similarly,
sin 3(A—B) _sin 3(a—b) 2)
cos 4C sin }c¢ B
cos 3(A+B) _cos ;(a+b) )
sin 4C cos ¢ !
and  Cos3(d—DB) _sinj(a+b) @

gin 5C gin 3¢
The above four formulae are known as Delambre’s
analogics und were obtained by him in 1807, though
publishcd afterwards in Connaissance des Tems.,
1809, p. 443, Sometimes they are improperly called
Gauss’s Theorems,*

3.18. Napier’s analogies can easily be obtained
from those of Delambre. Thus dividing (1) by (3)
and (2) by (4) we get the first two analogies of Napier.
Similarly dividing (4) by (3) and (2) by (1) we get the
other two analogies of Napicr. Delambre’s analogies

* According to Professor Simon Newcomb (1835-1909) these
analogies were first published anonymously by Delambre (1749-
1829) although Gauss (1777-18565) was tbe first to use them in
Spherical Astronomy. Gauss published them in Theoria motus
.corporum coclestium in 180Y and Mollweide in Zach’s Monatliche
Correspondenz in 1808.
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also may be obtained from those of Napier. Thus
squaring the first analogy of Napier, we have

tan? 3(4 + B\..-‘.;_‘EZ.} i :Z’; cot? 3C.

Adding 1 to both sid:s, we get

sec? 3(4 + B)

_co0s? §(a—b)cos? §(' +cos? §(a + b)sin? 1C
cos? }(a +b) sin? §C

_3{l+cos (a~1‘)}cos~ 30 +3{1 +cos (¢ +b)}sin2 30
cos? 4(a+ b)sin? }C ‘

3(1+cos a cos b+sin 1 sin b cos (')

cos? 1(a+ b)sin® {0

$(1+cos ¢) _ cos? }e
cos? }(a+b)sin? §C  cos? L(a+ b)sin2 4

whence %83 L(A+B) _cos $(a+b)
sin §C cos ¢
which is the third analogy of Delambre. Other ana-

logies can also be obtained similarly.

3.19. Deduction of the analogies of Napier and
Delambre.
We have from Art. 3.4

sin4d _sinB _ sin(C

sin a sin b sin ¢

sin A +sin B _ sin €

8o that : - : .
gin a +8in b sin ¢
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Again we have from Ex. 2, p. 89 '

sin (A+B) _ cos a+cos b @)
sin C 1+cosc

And from the polar triangle of ABC, we get (Ex. 1,
p. 53)

(sina+b)_cos A+cos B 3)
sin ¢ 1—cos C
Hence
sin A+sin B _sina+sinb  sin C sin ¢
cos A +cos B sinc  1—cos( sin(a+b)
¢ 1+ By=Costa=b) . ..n
or an (< ) cos 3(a D) cot 3C,

which is Napier’s first analogy.

Again
sina+sin b _ sin A +sin B ~_sinc¢ sin ¢
cos a+cos b gin C l1+cosc¢ sin (A+B)
2 — cos }(4—B)
or tanj(a+D) cos (A5 B) tan §c,

which is the third analogy of Napier.

On taking the negative sign in (1) the other two
analogies are obtained in a similar manner.

Next consider the colunar triangle A”BC where
A’ is the point diametrically opposite to A. For
this triangle 4 and ¢ are unaltered and the other
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parts are changed ‘into their supplements and (2)

becomes (Ex. 9, p. 43). .
sm (A—B) _ cos b—cos a
e = . @)
sim /) l1—cosc

and from the polar triangle of 4"BC, we get (EX. 2,
p. 55)
sin (a—b) _cos B—cos 4 %)
sin ¢ 1+cos C

Multiplying (1) by (5) we get

8in A-+sin B cos B—cos A _sina+sin b sin(a—b)

gin C 1+¢os C sin ¢ sin ¢

or sin? §(4+ B) sin (A—B) _sina+sinb

¥ -sin (a—b
cos® 3C sin C sinZc o0 (@=b),

sin? §(4+ B) _ cos® §(a—b)

cos? 4C cos2 3¢ ' by (4),

or,

which is the first analogy of Delambre,
Similarly multiplying (1) by (3) and dividing by (2)
we get

cos (4 — B),=sin #a+D)
sin 3¢ 7 sin §¢

which is the fourth analogy of Delambre.

On taking the negative sign in (1) and multiplying
it by (8) and () respectively, we get the remaining
two analogies of Delambre.
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EXAMPLES WORKED OUT

Exz.1. If aspherical triangle is equal and similar to its polar
triangle, shew that
(1) sec a=sgec b sec ¢ +tan b tan ¢,
(2) sec? A +sec? B+sec? C+2sec 4 sec B sec C=1,
(Science and Art Exam. Papers.)

(1) We bave cos a=cos bcos ¢c+sinb sinccosd, by Art. 3.1
=cos b cos ¢ +sin b sin ¢ cos (wr—a)
=cos b cos ¢c—sin b 8in ¢ cos a

for A=A"=w—a.
Dividing both sides by cos a cos b cos ¢ and transposing we get
sec a=sgec b sec ¢ +tan b tan c.
(2) We have cos a=cos b cos ¢+sin b sin ¢ cos 1,
or cos (r—A)=cos (n ~B) cos (m~C)+sin (r—B) sin (r—C) cos 4,
for a=nr—A'=nr—4, ete.
Hence —cos A=cos B cos C +sin B ¢in € cos 4,
or, —gec B gec C=scc 4+tan B tan (/,
or, sec’ 4 +sec? Bsec? C+2sec A sec B sec (=tan? B tan? ¢
=sgec? B sec? (—sec? B—sec? C+1,
whence sec? 4 +sec? B +sec? C+2 sec 4 sec Bsec C=1.
Ez. 2. Three great circles are drawn through a point P on the
surface of a sphere, cutting the sides of the spherical triangle
ABC and making with them the angles 6), 1, ¥1; 65, ¢g, U3 and
63, ¢3, Y3 respectively. Shew that
‘ cos 0] cos ¢; cos Y
l cos 0 cos ¢g  cos §g |=0.

cos 03 cos ¢3 cos Y3 |
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Let the three arcs ocamf the side a at the points L, M and N,
and let PL and PN make the angles « and 8 with PM.
Then from the triangle PLM, we have by Att. 3.11

A

cos PM=—~C—O§ﬂ +cos acos PUL _ cos 6, —cos o cos O

sin a sin PM L sin a sin 6,

Again from the triangle PMN, we have

—cos 03 + c0s3 6,
cos PM= - €08 Y3 _CO,S,B“OS it

sin B sin 6,
Hence (cos 6, —cos acos ;) sin B=sin a(~cos 03 + cos B cosfy)
or, cos 0) sin B+ cos 03 sin a=cos 6, sin (a+ B).

Bimilarly, cos ¢) sin B +cos ¢3 8in a=cos ¢, sin (a + 8),

and cos ) sin B+ cos Y3 sin a=cos Yy sin (a+B).

Hence eliminating sin a, sin 8 and sin (a+8) from the three
equations, we get

cos 8 cos ¢ cos Y
cos 03 cos ¢y cos Yg [=0.

cos 03 cos ¢3 cos Y3
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Ex. 8. 1If two great circular arcs are drawn from the vertex C
of a spherical triangle ABC, one perpendicular on AB and the
other bisecting the angle (', and ¢ be the angle between them,
shew that

cos 3{a—b)

tan ¢=a)§-%Ta—m tan }(4—-B).

(Dublin Univ. Exam. Papers.)
Let the perpendicular and the bisector mect AB at D and E

respectively.
From the triangle (AD, we have by Art. 8.11

cos (D =_..co8 4

sin (3C—¢)’
and from the triangle CBD, we get

CD= ,mc_o_sL,
cos sin 3C +9)
Thus cos A _sin 3C—¢)

cos B siu 3C+¢)

cos A~cos B _sin (§C—¢)—sin (3C +¢)
cos A+cos B sin 3C—¢)+8in (3C+¢)

Hence

or, tan 3{4 + B) tan (4 —B)=tan ¢ cot 3C.

Hence substituting the value of tan 3(:4 +B) from Napier’s
first analogy (Art. 3.16) we have
=cos§(a—b)

tan ¢ m—wh-‘m 3(A-DB).

Note.—Substituting the value of tan 3(4—B) from Napier's
second analogy we get

sin $(a—Db)

ton 9= sin 4(a +b)

tan (4 + B).
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Ez. 4. If d be the longth of the arc through the vertex of
an isosceles triangle, dividing the base inte segments « and B,
shew that

tan }a tun [ B=tan (a4 3) tan 3(a -3),

where a is one of the equal sides of the triangle.
C.U., M.A. 4 M.Sc., 1934.)

Let ABC be an isosceles triangle having AC=BC, and let 3
meet the bagse AB at D. Then from the triangle ADC, we have
by Napier's third analogy (Art. 3.16)

5) = CosRD—A) . aa
tau 3o +0) =22 LT tan de

where D represents the angle ADC,

Again from the triangle BDC, we have by Napier’s fourth
analogy

_s_sin 3m—D=B)
tan 3(a—19) sin}(1r>—'Dr+B) tan 38

cos 3(D + 4)
= PR T .
ws iD= "°

Hence multiplying, we get
tan }(a +3) tan 3(a—3) = tan }a tan §B.

Ez. 5. Ifa,b,c, dbe the sides of a spherical quadrilateral
taken in order, 5 and 3’ the diagonals, and ¢ the arc joining the
middle points of the diagonals, shew that

cos @+cos b +cos ¢c+cos d
4 cos 30 cos 38’

co8 9=
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Let the diagonals meet at P and let E and F be their middle

points. B
Let PC and PD be denoted by x and z’ so that PA=3~®
and PB=%—a’. Let the angle APB be 6. Then

cos a=cos (3—1x) cos (8’ —x") +sin (5 —xz) sin (3’ —2') cos &,
cos b=cos (3’ —z’) cos z—sin (8’ —z') sin z cos 0,
cos c=cos ¥ cos &' +8in x sin @’ cos 0,
and cos d:=c0s (3—z) cos 2’ —sin (§—2x) sin 2’ cos 6.
Hence cos a+cos b+cosc+cosd
= {cos (5—z) +cos } {cos (3’ —x') +cos @’}
+cos 0{sin(d —x)—sin z} {sin(3’ ~2") ~sin z'}
=4 cos 38 cos $5’ cos (}8—x) cos (38 —z)

+4 cos 6 cos 33 cos 35’ sin (38 —1) sin (33'—2').
Again from the triangle PEF, we have
008 p=cos (}3—=x) cos (3%’ —z') +sin (15 —u) sin (33’ —2') cos 6.

Therefore cos a+cos b +cos ¢ +cos d=4 cos ¢ cos 35 cos 3,

€08 a + cos b+ cos ¢ +cos d
4 cos 33 cos 39’

or, cos p=

KxAMPLES

1. In any spherical triangle, shew thai

cos @ tan B+cos b tan A +tan ('=cos a cos b tan A tan B tan C.

2. 1In any spherical triangle, shew that

sin b sin ¢ +¢os b cos ¢ cos A =sin B sin (' —cos B cos C cos a.
(Cagnols.)
(Dacca Uni., 1982.)
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3. Prove that

2 cos 3(a+1) cos 3(a—b) tan 3c=sin b cos 4 +sin a cos B,
and tan (4 +a) tan (B -v)=tan (4 —a) tan }(B+1D).
4. If A=a, shew that

tun 3b ~ tan ¢
tie =2
an 3a 1—tan 3b tan 3c

(Science and Art Exzam. Papers, 1899; Dacca Uni., 1930.)

5. Shew that in an equilateral triangle

Vog sin 44 +log cos }a + log 2—=0,

6. If A and A’ denote the angles of an equilateral triangle
and its polar reciprocal, shew {hat

cos A cos A'=cos A +cos A’,
(Science and Art Exam. Papers.)

7. Tun any triangle, shew that

cos a sin b—sin a cos b cos C
cos A=

sin ¢ '
. - g
and cos A+cos B= 2 sin (a +b) sin? 3C (a, +b) sin }C.
sin ¢
8. Prove that
cos (B—C) _tan Ja—tan }b cos ('—tan }c cos B
cos (A=C)

tan $b—tan }a cos (/~tan 4c¢ cos A

9. Shew that

tan ¢ =208 A cot a+cos B cot b

cot a cot b—cos 4 cos B
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10. In a spherical triangle, shew that

. " y_1+cos a—cos b—cos ¢
sin (§—4)= 4 cos }a sin b sin 3¢

and
1—cos A +cos B+cos C

cos (s=a)= 4 8in 34 cos §B cos 3C

11. Shew that

cos? Jc=cos? $(a—b) cos? 3C +cos? }(a +b) sin? }C,
and sin? }c=sin? }(¢ =b) cos? 3C +sin? }(a + b) sin? }C.
12. Shew that

tan? q‘6=‘t1m"’ 30—2 tan %a tan b cos O +tan? b
" 1+2tan 4a tan }b cos C +tan? Jatan? }b°

. 1—tan? 3a 2 tan }a .
Substitute ————2= a and Kbt a, ete.
[Substitu Trtn?ia orcos @ and 5 ———j 1 for sin a, ete.,

in the formula of Art. 8.1.]

13. Shew that
st sin HB-0) _ .
an %asin 4B sin 3C 0

[Substitute values for tan }a, etc.]

14. If 5 and & denote the lengths of the internal and external
bisectors of the angle C of a spherical triangle and terminated by
the side AB, shew that

ot @ +cot b
cot 6=_(‘9___-,,‘,_, .,
¢ 2 cos 3(

and  cot & =C0b @ ~ cot b

15. If &), 38; and 33 denote the bisectors of the internal angle
of a spherical triangle, shew that
cot 8 cos 34 +cot 83 cos B + cot 93 cos §C=cot a+cot b +cot c.
(Dacca Uni., 1930.)
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16. If ¥, &; and ¥; denote the bisectors of the external
angles of a spherical triangle, shew that .

cot ¥’y min 4 + cot 8'3sin }B +cot 8’y sin 3C=0.

17. If s and &’ are the seginents of he base made by the
perpendicular from the vertex C, and o ad o’ those made by the
bisector of the vertical angle, shew that

- s=—¢ c—a’ a—>b
halg —= tan? ——,
tan 3 tan B) an 5

(Dublin Univ. Ezam. Papers.)

18. 1If a ship be proceeding uniformly along a great circle
and I, lg and 13 be the latitudes observed at equal intervals of
time, in each of which the distance traversed is s, shew that

-1 sin %(ll + 13) E?_S %(,1—13)
sin lg

§=171 cO8

’

r denoting the radius of the Earth.

19. If ¢ denotes the angle between the biscctor of the vertical
angle C of a spherical triangle and the perpendicular from C on
the base 43, shew that

__ 8in (“_EL ,
tan ¢ = et h) cot 3.

20. If in any spherical triangle C=A4 + B, shew that
1—cos a—cos b+cos c=9.

21, Tf in any spherical triangle a+b=m+c, shew that
1+cos A +cos B=cos C=0.

22, If in a spherical triangle b +¢=m, shew that
sin 2B +sin 20=0.
(Dacca Uni., 1932.)
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23, If A, B, C and D are four points on the surface of a
sphere and 6 is the augle between the arcs 4B and €D, shew that

cos AC cos BD—cos AD cos BC=sin AB sin CD cos 8. (Gauss.)

24, If a, b, ¢ and d be the sides of a spherical quadri-
lateral taken in order, 3 and & be the diagonals, and ¢; and Y3
be the arcs joining the middle points of the opposite sides ¢ and
¢, b and d, shew that

- cos h+cos d+cosd+cos d
col =
! 4 cos %a cos §c

.co8 « + 08 ¢ +cos 8 +cos 8

and cos ¥y 4 cos 3b cos 3d

25. If one side of a spherical triangle be divided into four

equal parts, and 6], 6, 6; and 8 be the angles subtended at the
opposite corner by the parts taken in order, then
sin (8) + 6y) sin 6y sin 0;=sin (03 +6;) sin 6 sin 6;.

26. In an isosceles triungle ABC, each of the base angles are

double the vertical angle: shew that
cos a cos3a=cos (c+3a),
where « is one of the equal sides of the triangle.
(London University Exam. Papers.)

27. Ifa, b, cund d be the sides of & spherical quadrilateral
taken in order, and & and 3’ be the diagonals intersecting at an
ungle 6, shew that

cos ¢ cos ¢—~cos b cos d
siu & sin & :

cos =

28. If ¥ and g be the arcs joining the middle points of pairs
of opposite sides a and ¢, b and d of a spherical quadrilateral, and
¢ the arc joining the middle points of the diagonals & and ¥, shew
that

cos Yy cos ga cos §¢ +cos Yg cos 3b cos 3d —cos ¢ cos £8 cos §8”

=13(cos & +cos &),

——



CHAFRTER IV

RigaT-aNGLED T..IANGLES

4.1. Formulae connecting the parts of a right-
angled triangle.

Let ABC be a spherical triangle right-angled at C,
and let O be the centre of the sphere. At A draw
the tangents 4D and .AF to the arcs AB and AC
respectively. They lie in the planes A0B and A0OC.
T.et them meet OB and OC produced at D and E
respectively. Join ED.

D

Since the angle ' is a right angle, the planes
0CA and OCB are perpendicular to each other.
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Also the radius 0A is perpendicular to both the
tangents AD and AE, and therefore the angles 0AD
and OAE are right angles and OA is perpendicular to
the plane ADE. Also any plane through 0A is
perpendicular to the plane ADE. Hence the plane
OCA is perpendicular to the plane ADE. Thus both
the planes ADE and OCB are perpendicular to the
plane OCA, and so DE, their line of intersection, is
perpendicular to the plane OCA. Therefore the
angles OED and AED are right angles.

Now 04 _ 04 . OF .
0D OE 0D

that is, COS C=co0S @ coS b. .. (D
Again sin A= QE e ]—)—F . OD =Si5(vl

° AD  OD AD sinc’
that is, sin a=sin -1 sin c. .. (2
Similarly, sin b=sin B sin c. .. (3)
Also cos/l=§%=%€.%=%%,
or, tan b=cos 4 tan c. e (4)

Similarly, tan a=cos B tan c. . (5)



FORMULAL FOR RIGHT-ANGLED TRIANGLES

DE DE OFE _tana

And tand= " = 5F  IF b’
that is, tan a=tan A sin b.
Similarly, tan b:==tan R sin a.

Multiplying together (6) and (7) we get
1

75

(6)
()

1

tan A tan B_tan atan b _

sinasinb cosacosb cosc

or, cos c=cot A cot BB.

Again dividing (2) by (5) we get

sin A sin (A
cos a= cos c= cos a cos b,
cos B cos B
so that cos B=sin 4 cos bh.

Similarly, from (3) and (4) we have

cos A=sin D cos a.

®)

©)

(10)

The above ten formulae * will enable us to obtain
the value of any element of a spheriqal triangle when
two other elements (other than the right angle) are
given, All the above formulac <ould be deduced
from those of the previous chapter by putting C=}x.

*  These formulae were known to the Hindu Mathematicians
and were used by them to solve spherical right-angled triangles.
See A. Arneth— Geschichte der reinen Malhemat'k. Stuttgart,
1852, Nasir ed-din al-Tusi (1201-1274) of Persia collected these

formulae into a consistent whole in 1250.
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4.2. Some important properties.

Since cos ¢=cos a cos b, it follows that either
only one cosine is positive or all of them are positive.
Hence in a right-angled triangle either two sides are
greater than quadrants and one side less than a quad-
-rant or all the three sides are less than quadrants.

{fan a

Again since tan 4= , it follows that tan A
sin b

and tan a are of the same sign. Hence A and a are
either both greater than iz or both less than %=,

i.c., Aanda are of the same affection. Similarly B
and b are of the same affection.

3.3. Napier’s Rules of Circular parts.*

Napier has given two rules which include in them
all the ten formulae established in Art. 4.1. He
takes the two sides which include the right angle,
the complement of the hypotenuse and the comple-
ments of the remaining angles, and calls these the
circular parts of the triangle. Thus if C be a right
angle, the five circular parts are a, b, r—c, $n—4
and 37— B, He takes a circle and divides it into five
sectors and writes one circular part in each sector in
the order in which they naturally occur in the triangle.

* These rules are due to Napier, and were published by him
in his Mirifici Logarithmorum ('anomis Descriptio in 1614, He
calls them theorems, and while he verifies them in the ordinary
way, by testing each of the known relations between the parts of

a right-angled spherical triangle, he exhibits their true character
in relation to the star pentagon with five right angles.
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Selecting any one of the five parts, and calling it
the middle part, the two parts contiguous to it are

called the adjacent parts and the remaining two are
called the opposite parts. Thus if 3r—c is taken as
the middle part, then 4r—A and 4x—DB will be
adjacent parts and a and 0 the opposite parts.

Napier’s Rules are the following : —

(1) sine of the middle part =product of the tan-
gents of the adjacent parts.

(2) sine of the middle part=product of the
cosines of the opposite parts.
For example,

sin (47 —c)=tan (4= —A4) tan (3= - B),

i.c., cos ¢c=cot A4 cot B,
which is formula (8) of Art. 4.1.

Again  sin (37 —~c)=cos a cos b

or, cos c=cos a cos b,
which is formuls (1) of Art. 4.1.
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For a proof of the above rules see Napier's Mirifici
Logarithmorum Canonis Descriptio, 1614, pp. 32-35.

2.4. Quadrantal triangle, When one side of a
triangle is a quadrant, it is termed a Quadranlal
triangle. Evidently it is the polar reciprocal of a
right-angled triangle, for if C=4%r, we have ¢/=71—-C
=3}nr. Hence the formulae for a quadrantal triangle
are obtained from those of a right-angled triangle
by changing the sides and angles into the supple-
ments of the angleé and sides. Thus wc have
the following formulae when the side ¢ is a
quadrant : —

cos (M +cos .1 cos B=0. .. (1)
sin A=sin a sin C. N )]
sin B=sin b sin (. e (3)
tan A+cos b tan C=0. e (@
tan I3 +cos a tan C=0. ... (5)
tan A=tan a sin B. ... (6)
tan B=tan b sin A. e (7)
cos (' +cot « cot b=0. .. (8)
cos b=sin a cos B. . (9
cos a=sin b cos A. ... (10)

4.5. Trirectangular triangle. When all the three
sides of a spherical triangle are quadrants, it is called
a Trircctangular or Triquadrantal Triangle. Evidently
all its angles are also right angles (Ex. 5, p. 26).
Thus in a trirectangular triangle the sides and the
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angles are all right angles. Each vertex is the pole
of the opposite side, and consequently the arc joining
o vertex to any point in the opposite side is a qua-
drant. Since the angle between two radii of the
sphere is equal tothe arc joi.ing their extremities, it
follows that the radii from the centre of the sphere
to the vertices of a trirectangular triangle are mutu-
ally at right angles.  Thus in the figure of Art. 4.7
the radii 04, OB and OC are mutually at right

angles.

4.6. Direction Angles and Direction Cosines of.
a point.

The angles which the radius to a point on the
surface of the sphers wmakes with the radii to the
vertices of a trirectangular triangle, at the centre of
the sphere, are culled the Dircction Angles of {hat
point, and the cosine of these angles, the Direclion
Cosincs of that point. Thus taking ABC (o be a tri-
rectangular triangle and P any point on the surface
of the spherc whose cenlre is O, we have {he angles
P04, POB and POC as the direction angles and
cos POA, cos POB und cos POC as the direction co-
sines of the point P. Sinze the aves P.1, P13 and PC
measure the angles which OP makes with 04, OB and
0C, we cun define direction angles as the angular dis-
tances of a point on the surface of a spherc from the
vertices of a trircclangular triangle on i*. Thus the
arcs PA, PB and PC are the direction aungles and
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cos PA, cos PB and cos PC are the direction cosines
of the point P. ,

Since the angles POA, POB and POC remain the
same for all positions of P on the straight line OP,
their cosines also remain the same. Thus we get the
idea of Direction Cosines of the line OP referred to
three rectangular axes 04, OB and OC in solid Geo-
wmetry.

4.7. Theorem. If any poinl P on the surface of
a sphere be joined to the verlices of a trirectangular
triangle ABC by greal cireular ares, then will

cos? PA +cos? PB +cos? PC=1.

i.c., the sum of the squarcs of the direction cosines of
a point on the surface of the sphere is cqual to unity.

A

We have by Art. 3.1
cos PA=cos AB cos PB +sin AB sin PB cos ABP.

=sin PB cos ABP, since AB is a quadrant.
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Similarly, cos PC=gin PB cos PBC=sin PB sin ABP.
Hence, squaring these and adding, we have
c0s2PA +cos2PC=sin?PB=1-cos?PB.
Thus cos82PA + cos2PB + cos2PC=1,
Cor. 1Ifp,, po and p; be the perpendiculars from
the point I on the sides of the triangle ABC, then will
sin?p, +sin?p, +sin?pz=1.

" 4.8. Theorem. If any lwo points P and @ on the
surface of a spherc be joired to the vertices of a tri-
rectangular triangle ABC by greal circular arcs,
then will

cos PQ =cos PA cos Q.1+ cos PB cos QB
+cos PC cos QC.

From the triangle PAQ, we have by Art. 8.1

cos PQ=cos PA cos QA +sin PA sin QA cos PAQ.
6
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Now cos PAQ=cos(PAC~QAC)
=cos PAC cos QAC +sin PAC sin QAC
=co8 PAC cos QAC + cos PAB cos QAB

Therefore
cos PQ=cos PA cos QA
+8in PAsin QA(cos PAB cos QAB
+cos PAC cos QAC).

But cos PB=sgin PA cos PAB,

cos QB =sin QA cos QAB,

cos PC=sin PA cos PAC,

cos QC=sin QA4 cos QAC:

Hence cos PQ=cos PA cos QA +cos PB cos QB
+cos PC cos QC.

This theorem expresses the distance of any two
points on the surface of the sphere in terms of their
distances from the angular points of a trirectangular
triangle.

Cor. Ifpy, Pg» P3; 41, 92> 45 be the perpendi-
culars from the points P and @ on the sides of the tri-
angle ABC, then will

«cos P@Q=sin p; sin g +sin py sin g, +sin pg sin gg.
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29. Ifweputl, m, n and U, m!, n' for the
direction cosines of P and @, and 6 for the angular
measure of the arc PQ, the two preceding articles
give two well-known resulta of Solid Geometry, viz.,

1) 2+m24n2=1

and (2) cos 6=+ mm' +nn',

the directicn cosines of OP and 0@ being with refer=
ence to the three rectangular axes OA, OB and OC.

4.10. Direction Cosines of the Pole of the Arc
joining two points on the Surface of the Sphere,

Let P and @ be two points on the surface of the
spkere and let H be the pole of the arc PQ. Then
by, Art. 4.8, we have

cos HP=cos HA cos PA +cos HB cos PB
+cos HC cos PC,
end cos HQ=cos HA cos QA+ cos HB cos @B
+cos HC cos QC.,
But the arcs HP and HQ are quadrants, hence
cos HA cos PA+cos HB cos PB +cos HC cos PC=0
“.and

cos HA cos QA +cos HB cos @B +cos HC cos QC=0,
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Solving the above equations, we get

“cos HA
cos PB cos QC—cos PC cos QB

- cos HB
cos PC cos QA —cos PA cos QC

— cos HC
cos PA cos QB —cos PB cos QA

={ cos2HA +cos2HDB +cos?2HC }i’= 1
S(cos PB cos QC —cos PC cos Q13)2 sin PQ
Thus
cos HA sin PQ=cos PB cos QC—cos PC cos @B,
cos HB sin PQ=cos PC cos @A —cos PA cos QC,
cos HC sin PQ=cos PA cos QB —cos PB cos QA.

*

EXAMPLES WORKED OUT

Ez. 1. 1Ina right-angled triangle, if & be the length of the

arc drawn fromn C perpendicular on the hypotenuse AD meeting it
at D, shew that

(1) sin2¥=tan AD tan BD.

(2) tanZa=tan BD tan ¢

and tan?b=tan AD tan c.
(1) We have from the triangle ACD

tan AD=tan ACD sin 3, by (6) of Art. 4.1.
Similarly, tan BD =tan BCD gin 3.

*  This is obtained from the identical relation
(mn’ —mn)2 + (nl' —n'1)2+ (Im’ - I'm)?
=2 +m2+ 002+ m’2 + n'?) — (' + mm’ +nn')?.
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Hence myltiplying, tan AD tan BD=sin® tan ACD ten BCD
=gin®.
i.c., sine of the perpendicular is the geometric mean between the
tangents of the segmeats Hf the hypotcnuse.
(2) We have from the triangle BCD, by (5) of Art. 4.1

tana  tan BD
cos B=--——F=
tan ¢ tan a
Hence tan? a=tan BD tan c.

Similarly, tan? b=tan AD tan c,

i.e., tangent of a side is the geometric mean between tangents of
the adjacent segment and the hypotenuse.

Ez. 2. Perpendiculars_are drawn from the vertices 4, B, C of

any triangle, meeting the opposite sides at D, E, F' respectively :
shew that

tan BD tan (I tan AF=tan DC tan EA tan FB.
(Dacca Uni., 1932.)
A

B c
D

Let the perpendiculars meet at the point P. We have from
the triangles BPD and CPD, by (6) of Ast. 4.1

tan BD=tan BPD sin PD
and
. tan DC=tan CPD sin PD.
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. tan BD  tan BPD

Therefore tan DC _tan CPD"
o tan CE _ tan CPE
Similarly, tan EA  tan APE’

tan AF _ tan APF,
and =

ten FB  tan BPF™
Hence multiplying both sides and noting that

A A A A A A

BPD=APE, CPD=APF and CPE=BPF,

o et tan BD tan CE tan AF -
we ge tan DC tan EA tan FB

Ez.3, OX and OY are two great circles of a sphere at right

angles to each other, P is any point in AB another great circle.

0G(=p) is the arc_perpendicular to AB from O, making the angle

COX(=a) with OX. PM and PN are arcs perpendicular to 0X

ahd OY respectively : shew that if OM =z and ON=y,

1,

co8 a tan & +sic a tan g=tan p.

Let OP be denoted by 3 and the angle POC by 6.
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From the right-angled triangle POM, we have by (4) of Art. 4.1
tan o | )
tan &

Similarly from #he triangle PON, we have

cos 07 =227 _gin POX.
tan &

cos POX =

Hence
tan z cos a+tan y sin a=tan 3 (cos a ccs POX +sin a sin POX)

=tan & cos 6.

But from the triangle POC we have

Hence 003 @ tan & +sin « tan y=tan p.

ExaMPLE

1. If ABC be a triangle in which the angle C is a right angle,
prove the following relations—

(1) 2n=sin a sin_b.

(2) 2N =sin a4 sin B=sin 4 sin b.

(3) % =gin c.

(4) sin?a sin®b=sin%a +8in%b —~sin2c.

(5) 28in? 3c=sin® }(a + b) +sin® }(a—b).
(6) sin a tan 34 —sin b tan 3B=sin (¢ —Db).
(7) tan §B=—-—————8in (s—a)

sin §
214 Bin (c—b)
(8) tan® $4= sin (c+b) °
sin (a—b)
ein (@ +0)
(Dacca Uni., 1930.)

(9) tan}(4+B) tan §(4—B)=
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2, Tna triangle if C be a right angle and D the middle point
of AB, shew that
4 cos? 3¢ sin?CD =sin?a + sin?b.
3. If 3 be the length of the arc drawn from C perpendicular
to the hypotenuse AB, shew that
(1) cos*d=cos®4 +cos®B.
(2) cot®d=cot*a +cot?b.
(8) 8in?3 sin’c=sin%a +sin*b—sin’c.
4. Tf & be the length of the arc drawn from C perpendicular
to AB in any triangle, shew that
cos 3=cosec ¢ (cos’a +cos?b—2 cos a cos b cos c)&.
(Cal. Uni. M.A. and M .Sc., 1926.)
5. If the side ¢ of & triangle be a quadrant and 3 be the
length of the arc drawn at right angles to it from C, shew that—
(1) c0a28 =cos?a +cos?b.
(2) cot?d=cot*A +cot®*B.
(3) sin*3=cot 0 cot ¢, where 6 and ¢ are the segments
of the angle C.
6. If the side ¢ of a triangle be a quadrant, shew that

(1) cos (S—A) cos (S—B)+cos (S—C) cos S=0.
(2) tan a tan b +sec C=0.
(3) 2 cos (§—A) cos (S~B)=sin 4 sin B.

7. 1In the triangle ABC if C=90°, shew that
cos a+cos b

sin (A+B)=i+cos a cosb
(Cal. Unt. M.A. and M.Sc., 1931.)
and
. _ cos b—cos a
sin (4=B) 1-cosacosb’

(Dacca Uni., 1931.)
8. If C=90°, shew that tan §==—cot }a cot 3b.
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9. If one of the rides of a right-angled triangle be equal to
the opposite angle, shew tha* the remaining ﬁarts are each equal
to 90°.

10. If 3 be the length of che bisectur of the hypotenuse AB
of the right-angled triangle ABC, shew that

sin’a +8in?b
4cos? ¢

3in28 =

11. Shew that the ratio of the cosines of the segments of
the base, made by the perpendicular from the vertex, is equal to
the ratio of the cosines of the sides.

12. Shew that the ratio of the cosines of the base angles is
equal to the ratio of the sines of the segments of the vertical angle
made by the perpendicular drawn from it to the base.

18. 1If @), ag; By, By and 7y, 79 be the segments of the sides
of a spherical triangle made by the perpendiculars from the
opposite vertices, shew that

co8 aj cos B cos ) =cos ag cos B3 Co8 V3.

14. If py, pg and p; p; denote the perpendiculars from the
base augles A and B to the internal and external bisectors of the
vertical angle C, shew that

sin py 8in p; + sin pg sin pg=sin a sin b.

15. TIf A, x and v denote the perpendiculars from the vertices
of any triquadrantal triangle on a tr.nsversal to the sides,
shew that

ginA + ainfu +sin?y=1.

16. ABC is s spherical triangle each of whose sides is &

guadrant, and P is any point within the triangle : shew that

cos P4 cos PB cos PC +cot BPC cot CPA cot APB=0
and tan ABP tan BCP tan CAP=1.
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Bolution of right-angled triangles.

4.11. We have seen that a triangle has six parts,
three sides and three angles, and the formuls es-
tablished before shew that if three parts are given,
we can determine the remaining three parts, and thus
completely solve the triangle. In solving numerical
examples, we shall have to make use of logarithmic
tables. Six cases present themselves. In these
cases the right angle forms a known part and we
.require to know only two other parts. The angle C is
taken to be a right angle in all the following cases.

3.12. Case I. Having given two sides a and b.

The remaining elements 4, B and ¢ are obtained
from the formule (6), (7) and (1) of Art. 4.1

cot A=cot a sin b,
cot B=cot b sin a,
COB C=cos @ cos b.

The solution is unique and the triangle is always

possible.
ExampLE

Given a=55°18", b=39°27; solve the triangle

To find ¢, we have
cos c=cos a cos b,

or, 10+ Lcosc=L cosa+L cos b,
or, L cos ¢=9'6430488.

. a=63° K5’ 217,
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To find A, we have

10+ L cot A=L cot 55°18' + L s;n 89°27/,
or, L ot .1=96434280.
o A= 66° 15’ 6".
To find B, we have

10+ L cot B= L cot 39°27' + L sin 55°18’,
or L cot B=9"9996157.

B=45n 11 31“-

3.18. Case II. Having given two angles A and B.

The remaining elements a, b and ¢ are obtained
from the formule (10), (9) and (8) of Art, 4.1

cos A=cos a 8in B,
cos B=cos b sin 4,

cos c=cot A cot B.

Here also a, b and ¢ are uniquely determined.

ExXAMPLE

Given A=64°156" and B=48°24’; solve the triangle.
‘We have

L cos a=9'7641507 .. a=54° 28" 53",

L cos b=9'8675406 .. b=42° 30’ 47",

and L cos ¢c=96316912 .. c¢=64" 38 38",
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3.13. Case III. Having given the hypotenuse ¢
and one side a.

We have from (2), (5) and (1) of Art 4.1

The elements B and b are determined without
ambiguity, but sin 4 admits of two values between O
and 7. Butsince a and A are of the same affection,
i.e., they are either both acute or both obtuse, we take
that value of A which is of the same affection with a.
Thus A4 is also uniquely determined. The triangle is
thus possible.

If a and ¢ are both quadrants, then A4 is a right
angle, but b and B are indetcrminate.

4.15. Case IV. Having given the hypolenuse ¢
and an angle 4.

We have from (2), (4)and (8) of Art. 4.1
sin a=sin A sin ¢,
tan b=cos A tan c,

cot B=tan A cos c.
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Thus B and b are uniquely determined, and as
a and A sre of the same affection, a is also uniquely
determined. Thus the triengle is possible.

If A and ¢ arz toth right angles, then o is a right
angle, but b and B are indeterminate.

4.16. Case Y. Having given one side b and
the adjacent angle A.

The formula for determining a, B and ¢ are (4),
(6) and (9) of Art. 4.1

tan b

tanc=
cos 4’

tana=tan A sin b,
cosB=cos b sin A.

Thus a, B and ¢ are uniquely determined.

3117. Case YI. Having given one side a and the
opposite angle A.

Here we have from (2), (6) and (10) of Art. 4.1

sin b=tan a cot A4,

sin B= 954
cos a
Here ¢, b and B are to be determined from their
sines, and between O and = there are in general two
angles having a given sine. Thus we get two values

for each sine, and we expect six different triangles
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with the given data. But this is not the case. We
must have a and A of the same affection, and since
sin ¢ must be less than unity for c¢ lies between 0 and
o, sin a must be less than sin 4, and so a must be
less than A when they are both acute or greater than
A when they are both obtuse. Otherwise the solu-
tion will be impossible. When this condition is
satisfied, we get two values for ¢, and since
.cos c=cos a cos b, we get one value for b for each
value of ¢, and one value for B, because b and B are
of the same aﬁectioﬁ, which is otherwise evident
from the relation cos c=cot 4 cot B.

Thus we see that there will be in general two
triangles with the given parts. We say in general
because if ¢ and A are equal but not right angles, we
have b, B and c all right angles and thus we get only
one triangle. In this case A4 is the pole of BC.
When a and A are right angles the solution becomes
indeterminate.

That we should have two triangles is apparent
from the fact that the triangle ABC and its colunar
triangle A"BC satisfy the given data, for A=A" and
BC is common. If A=a, we get one triangle, for the
triangle A’BC is symmetrically equal to the triangle
ABC.
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ExAMPLE
Givea a=>51°20", A=62°12" and C=90°; solve the triangle.
.To find ¢, we have L sin ¢=10+L sin a—L ;in A

=30 +9°8925 ~9°9467 =9"9458.
Hence c¢=061¢ 53" ¢r 11€° 2',

To find b, we have L sin b=L tan a+ L cot 4--10

==10"0968 + 9°7220—~10=9-8188,
b=41° 13 or 138° 47".
To find B, we have Lisin B=10+L cos A—L cos a

Hence

=10+ 9°6687 —9°7957 =9°8730.
Hence B=48°17" or 131°43".

4.18. Application of Napier’s analogies in the
solution of right-angled triangles.

Napier’s analogies can profitably be wused in
solving right-angled triangles’in the three following
cases.

Firstly, when the sides a and b are given;
Secondly, when the angles 4 and B are given;

and  Thirdly, when ¢ and B, or b and 4 are given.

ExXAMFLE
Solve the triangle having given
a=64° 30’, b=48° 12’ and C=90°.
To find ¢, we have cos c=cos a cos b,
or, L cos c=L cos 64° 80"+ L cos 48° 12'~10

=9'6340 +9°8238 ~10=94578,
Hence c="73° 19" 28",
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To find 4 and B, we have from Napier's first analogy

tan 3(4 + B)=08 Ha=b)

cos 3(a+b)
or, Ltan (4 +B)=10+ L cos 8° 9'— L cos 56° 21"
=10 + 99966 ~9°7436
=102520,
Honce §(4 + B)=60° 45" 40",

Similarly L tan 3(4=B)=10+ L sin 8° %~ L sin 56° 21’
=10 +9'1516 - 99204

=9'4312.
Hence HA=D)=9° 3y 53”.
3 A="70°25' 33” and B=51° 5 47”.

3.19. Solution of oblique-angled triangles.

As in the case of right-angled triangles, six differ-
ent cases present here also, and when we are given
any three of the parts, we can determine the remain-
ing three parts by making use of some of the formule
of Chapter III. We shall not go in details but
finish this chapter by giving an application of Napier’s.
analogies to solve an oblique-angled triangle.

Examrrr

Solve the triangle having given
A=130° 5" 22°41”, B=32° 2’ 6°41” and c=51° ¢’ 11'6".
From Napier’s third analogy, we have
Ltan §la+b)=L cos 3(4~B)~ L cos 3(4 +B)+ L tan 3c
=0"81844 — 418158 + 967950
=10"31636.
Hence Ha+b)=064°14" 7",
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Similarly L tan 3(a—b)= 1. 81n (A —B)~ Lsin (4 + B) + L tan }e
=9'87663 ~9°094933 + 9°67950,

whence $(a—b)=20°022",
a=84 J4’ 29” and b=44° 18’ 45",

To find C, we use Delambre's third analogy. whence

L sin 3C'=L cos 3(4 +B)—L cos (s + h) + L cos ¢

=0"18158 —9°63816 + 9°95529,
Hence $C=18%2"43",
or, ('=36°45"26".

The value of (' can also be obtained from Napier's firs
unalogy.

IXAMPLES.

Solve the following triangles having given

1. a=37° 48" 12", b="59° 44" 16", C=90°.

Ans. A=41° 55" 45", B="70°19 15", c=66° 32’ 6”,
2. a=D54" 16/, b=33° 12, C=90°.

Ans. A=68° 29’ 53”. B=38° 52’ 26", ¢c=60° 44" 46”.
3. 4=36°, B=60° ('=90°,

Ans. a=20° 54 185", b=31°43" 37, ¢=37° 21’ 38'5",
4. a=»5HY° 28" 277, A=66° 7 W", C=90°.

Ans. b=48° 8% 16",  B=52° 50" 20", ¢=T0° 23’ 42",
or b=131"20" 44", B=127"9" 40", c=109° 36" 16",

5. A=23°27", B=T7°15 c="T4° 2.
Ans. a=60°, b=15° 56/, C=15% 44’.
6. a=138° 4, b=109° 41°, €=90°.
Ans. A=142° 11’ 38", B=120°15 57", C=118° 26’ 2",
7. A=45° 45, c="T75° 40, C=90".

Ans. a =44° 53' 94, b=69° 32" 55", B=175° 15" 22"



CHAPTER V
ProPERTIES OF SPHERICAL TRIANGLES

5.1. Relations between the arcs joining three
doints on a great circle and any other point.

Theorem. If X,Y, Z be thrce points on a great
circle, and P any other point, on the sphere, then will

cos PX sin YZ + cos PY sin ZX +cos PZsin XY =0...(1)
and
cot PX sin YPZ + cot PY sin ZPX

+cot PZ sin XPY=0.,,.(2)

P

From the triangles PXY and PYZ we have
cos PX=cos PY cos XY +sin PY sin XY cos PYX
and cos PZ=cos PY cos YZ+sin PY sin YZ cos PYZ.
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But cos PYX= —cos PYZ ; hence
cos PZ=cos PY cos YZ—sin PY sin YZ cos PYX.

Eliminating cos FYX from these two equations,
we have
(cos PX —cos PY cos XY) sin YZ
+ (cos PZ —cos PY cos YZ) sin XY =0,

or, cos PX sin YZ —cos PY sin XZ +cns PZ 8in XY =0.

Writing XZ=~ZX, by measuring arcs in one
direction as positive and, in the opposite direction, as
negative, we have

cos PXsinYZ +cos PYsin ZX +cos PZsin XY =0 ...(1)

Again by Art. 8.15 we have from the triangles
PXY and PYZ
sin PY cot PX =cos PY cos XPY +sin XPY cot PYX
and

sin PY cot PZ=cos PY cos YPZ +sin YPZ cot PYZ.

Multiplying these two equations by sin YPZ and
sin XPY respectively and adding. w- have

gin PY (cot PX sin YPZ + cot PZ sin XPY)
=cos PY sin XPZ,
or, putting XPZ=—ZPX, we have

cot PX sin YPZ +cot PY sin ZPX
+cot PZ sin XPY=0... (2)
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5.2. Particular cases.

(1) Median. If Y be the middle point of XZ, then
PY is the median of the triangle PXZ, and (1) gives

cos PX +cos PZ) sin XY
sin XZ ’

cos PX +cos PZ
cos XY +cos YZ'

cos PY=(

or, cos PY =

Thus if m be the length of the median bisecting
the side a of the triangle ABC, we have

(2) Internal Bisector of an angle. If PY bisects
the angle P, we have from (2)

sin XPY (cot PX + cot PZ)
sin XPZ

__ cot PX +cot PZ
cos XPY +cos YPZ '

cot PY=

Thus the internal bisector 8 of the angle A of the
triangle ABC is given by
1

cot = ———

D) com‘ (cot b+cot C)»

* Gudermann, Niedere Sphérik, § 400.
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(8) External Bisector of an angle. If PZ bisects

externally the angle XPY, then .
A A

YPZ=)x—} XPY and XPZ=}x +} XPY,
80 that
cot PY —cot PX

2sin  XPY

Thus the external bisector &' of the angle 4 of the

{risngle ABC is given by

cot §'=. 5 érlﬁ iz (cot b—cot c).
2

eot PZ=

(4) 1f XZ be a quadrant, wc have

cos PY =cos PX sin YZ +cos PZ sin XY.

Thus if the base BC be a quadrant, and a point D
be taken in it, we have

cos AD= cos ¢ sin DC+ cos b sin BD.

5.8. Spherical Perpendiculars. Let the ares
PX, PY and PZ when produced meet snother great
circle at right engles at the points X, Y, and Z, res-
pectively, then P is the pole of the great circle
X,Y,Z,, and eachof the arcs PX,, PY, and PZ, is a
quadrant. (See fig. of Art 5.1.) Hence

cos PX=gin XX;, cos PY=sin YY,
and cos PZ=sin ZZ,,
and (1) of Art. 5.1 becomes
sin XX, sinYZ+sinYY,; sinZX +sinZZ8sin XY=0 (8)
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Similarly (2) of Art. 5.1 gives

tan XX, gin YPZ +tan YY, sin ZPX
+tan ZZ; sin XPY=0 ... (4)

Since the angle between any two arcs PX and PY
is measured by the intercept made by them on the
great circle X,Y,Z,, i.e., by X;Y, (Art. 1.8), we get

tan XX, sin Y,Z, +tan YY, sin Z,X,
+tan ZZ, sin X,Y,;=0 ... ()

These are the relé.tions connecting the spherical
‘perpendiculars XX,;, YY, and ZZ; from the points
X, Y and Z on the great circle X,Y,Z,.

8.5, Theorem. If threc arcs mect at a point,
the ratio of the sines of the arcs drawn from any point
on one of the arcs, perpendicular to the other two, is
constant.

Let 04, OB and OC be the taree arcs and let « and
B be the lengths of the perpendiculars from a point P
in OB on the arcs OA and OC respectively.

Then from the two right-angled triangles, we
bave

sin¢ _  sinf
sin AOP ~ sin COP’

sin OP=

gin « _ sin AOP
gin8  sin COP’
for it is independent of the position of P on the arc OB.,

or, which is constant,
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Conversely, if from any point P’ in OB, perpendi-
culars o and 3’ are-drawn on 0.1 and OC so as to
* satisfy the relation

sin «/ _ sip «

sii & 8B’

then P’ will lie on the grcat circle through O and P,
namely OB.

5.5. Concurrency of three arcs.

Theorem. If three arcs joining a given point with
the angular points of a iriangle meet the opposite
sidces, the product of the sines of the alternate seg-
ments of the sides arc equal,

Let the arcs joining 4, B and C with the given
point P meet the opposite sides in D, E and F
respectively.
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Then from the triangles APF and BPF we have

sin AF_ sin APF and SinFB_ sin BPF
sin AP sin AFP - sin BP  &n BFP’

sin AF _sin AP sin APF

b — = .
so the sin FB sin BP 'sin BPF'
Similar] sin BD=sin BP sin BPD
y sin DC sin CP'sin CPD’
3 sin CE _sin CP sin CPE
and

sin EA sin ADsin APL

Hence multiplying the corresponding sides of the
three equalities and noting that

A A A A A A
BPD=APE, CPD=APF and CPE=BPF,

we have gin AF sin BD sin C'E=
sin FB'sin DC'sin EA

The corresponding theorem for a plane triangle is
Ceva’s theorem.*

5.6. The converse theorem can also be easily
proved. Several theorems on concurrency of arcs
are immediately deducible from it. Thus

The perpendiculars drawn from the vertices of
a spherical triangle to the opposite sides meet at a
point.

* See Russel’s Pure Geometry, Chap. 1.
+ Gudermann, Niedere Spharik, §68; Schulz, Spharik II, §47.
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The bisectors of the angles of a spherical triangle
meet at a point.*

The ares joining the angular points of a spherical
triangle with the middis points  f the opposite sides
meet at a point.

8.1. Theorem. If three arcs passing through the
vertices of a triangle be concurrent, the products of
the sinecs of the alternate segments of the angles of
the triangle are equal.

Let the ares AD, BF and CF meet at P and
divide the angles 4, B, C of thetriangle ABC into the
segments A}, A, ; B, By and Cy, Cy. (See fig. of
Arb. 5.5.)

Then from the triangles ABD and ACD, we have

sin BD __ sinc_ sin DC__sinb
sin A;  sin ADD sin A5 sin ADC ~
Hence BB BD _sin 4, sinc

sin DC sin A, sm b’

Similarly 0574 = ein B, sm ¢

and sin AF_sin Cy sinb
sin B sin 0, 'sin ¢’

* First proved by Menelayg.
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sin 4, sin B, sin C, _,
v T e
sin Ay sin By sin Cy
This is also another criterion for the concurrency
¢ three arcs.
The converse case can also be easily proved.

"Therefore

8.8. Conoyolic points. Spherical transyersal.

Theorem. Ifa great circle intersects the sides of
a triangle ABC at the points L, M and N, then will

sin AN sin BL sin CM __

-1.

sin NB'sin LC ‘sin MA~

BI ‘\IC -
,i M
Y A
N,

Draw AX, BY and CZ perpendiculars on the
great circle LMN. Then from the triangle ANX we
have

sin AX=sgin AN sin ANX,
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Similarly from the triangle BNY, we have
s'n BY=sin NB sin BNY.
sin AN _sin AX

Hence sin AN _sin 4X
enee gin NB sin RY
Similarly S8 BL_sinBY . sinCM_sin CZ
Y sin 0L sim 02 sinMA sin AX

Hence multiplying and writing —sgin LC for sin CL,

we have

sin AN gin BL sin CM _

. =-1.
sin NB sin L sin MA

This theorem along with its analogue for plane
triangle was obtained hy Menelaus.*

Its converse is also true, namely if three points
L, M, N be taken on the sides of a triangle satisfying
the above relation, then they will lie on a great circle.

Note 1.—Any transversal must cut either one or all the three
sides of the triangle externally. Thus the arc LMN cuts only
the side BC externally whereas the arc LM N cuts all the sides
externally. Hence there will always be the negative sign.

Note 2.--Several formulae for right-angled triangles are easily
deducible from Menelaus’ theoren. Thus if C=90° and AN and
AM are quadrants, then L will be the pole of AC and the theorem
becomes cos ¢-=cos a cos h. Again the triangle NBL with AC as
transversal gives sin a=sin 4 sin ¢. Other formulae are similar-
ly obtained by taking any three arcs as forming a triangle with
the forth one as the transversal.

* In Greek geometry this thoorem is known by the name of
Regula Sex Quantitatum. See Sphaerica by Menelaus or Des
Claudius Ptolemaus Handbuch der Astronomie by Karl Manitius,
Bd. 1, pp. 45-51.
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5.9. Theorem. The great circle bisecting the
sides of a triangle intersects the base in points
which are equidistant from the middle point of the
base. :

D

Let ABC be the triangle and let D, E and F be
the middle points of the sides BC, CA and AB
respectively. Draw the secondaries AX, BY and
CZ on EF. Let EF and BC when produced meet at
the points P and P’. Clearly these are two diametri-
cally opposite points.

Now in the triaugles AFX and BFY, we have

AF=FB, AXF=BYF and AFX=BFY.
Hence the triangles arc equal in all respects so
that AX=BY.

Similarly AX=CZ,
Therefore AX=BY=CZ.

Again from the equality of the triangles BPY and
CP'Z, we easily get BP=CP',and as BD=CD,

we have DP=DP’'=s quadrant.
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5.10. Casey’s Theorem.* If two points P and Q
be taken on the surface of a sphere, of which @ is
‘within a spherical trianglz ABC, and if 2n,, 2ny and

2n; be the sincs of the triangles @ BC, QCA and QAB,
then

nycos PA-+ngcos PB+ngcos PC=n cos PQ.

P

K
N

Join P and @ to the points 4, B, C.
Produce AQ to meet BC in F. Join PF and PQ.
Then since B, F and C lie on a great circle, and P
is any other point, we have by Art. 5.1

cos PB sin FC + cos PC sin BF =cos PF sin BC.
Similarly for the points 4, @, F and P, we have

cos PA sin QF +cos PF sin AQ=cos P sin AF.

* Dr. Casey, Spherical Trigonometry, p. 81.
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Hence eliminating cos PF  from these two
equations, we get

cos PA sin QF sin BC +cos PB sin FC sin AQ
+cos PC sin BF sin AQ
=cos PQ sin AF sin BC.

If QD he drawn at right angles to BC, then

sin QI"—ELH-QD
. gin F ’
go that
sin QF sin po=S0@Dsin BC_2ny_ 4@y 4 p 40,
sin F sin F’
Similarly
sin AQ sin FC’— 2' 2., sin AQ sin BF = _211.‘*_ ,
P sin F
and sin AF sin BC = MQE,.A .
sin F

Hence we have

ny cos PA+ng cos PB+n; cos PC=n cos PQ.

5.11. Normal co-ordinates of a point. If from
a point P perpendiculars «, 3, y are drawn to the
sides of a triangle ABC, then sin «, sin 3 and siny
are called the Normal co-ordinates of P with respect
to the triangle.

Normal co-ordinates are clearly analogous to
trilinear co-ordinates with respect to a plane triangle.
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1f 2n,, 2n, and 2ng be the sines of the triangles
PBC, PCA and PAB, we have

.
sin «(sin a=2n, sin B sin b==4n, and sin y sin c=2ng.
When the ratins ¢! the co-ordinates are kmown, the
point is determined.

ExaMPLE

Find the normal co-ordinates of the point where the perpendi-
culars from the angular points t» the opposite sides meet.

A

B c

D
Let the perpendiculars AD, BE and CF meet at P.
Now from the triangles ABD and ACD, we have by (9) of
Art. 4.1
cos B=cos AD sin BAD, and cos C=cos AD sin CAD.

cos B _sin BAD  gin ¥y

ence cos ¢ »in CAD ~ 5 B’ by Art. 5.4.
Similar] cos({'__ﬂina‘

imilarly, cos A siny
Hence sin @ cos A =sin B cos B=sin ¥ cos C
i.e., sin a, sin B and sin y are respectively proportional

to cos B cos C, cos C cos A and cos 4 cos B.
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5.12. Normal co-ordinates with respect to a tri-
rectangular triangle. Their fundamental properties.

We have seen (Art. 4.5) that the arc joining the
vertex of a trirectangular triangle to any point in the
opposite side is a quadrant. Hence if P be any
point on the sphere, and D, E, F the points where
AP, BP and CP meet the opposite sides, then PD,
PE and PF will be complemcntary to AP, BP and
CP respectively.  (See figure of Arb. 4.7.)

Now the Normal co-ordinates of P are sin PD,
sin PE and sin PF. Hence with respect to the trirec-
tangular triangle they are cos AP, cos BP and
cos CP, and these are generally represented by I, m
and n. In fact I, m, n are the dircction cosines
of OP referrcd to three rectangular axes OA4, OB and
0C, O being the centre of the sphere.

They satisfy the following propertics—

Q) 2+m2+n2=1
and (i) W+ mm!' +nn'=cos PQ,

I, m,nand ', m/, n/ being the normal co-ordinates
of two points P and ¢ on the sphere.

ExAMPLES

1. If D be any point in the side BC of the triangle AB(,
shew that cot AD sin BACU =cot AC sin BAD +cot AB sin DAC.

2. TIf two sides of a spherical triangle be supplementary, prove
that the median passing through their intersection is a quadrant.

(R.U.I., 1895.)
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8, The medians of & triangle ABC intersect at P snd meet
the opposite sides at D, ¥, F respectively : shew that
()" sin PA: sin PD : 2 cos }a' : 1,
(s1) sin IfB ;8in PE (i Qo008 gb: 1,
(it1) sin PC: din PP i1 2cosdc: 1.
¢. From any three points on a great circle, secondaries

z,4 2; 2, ¥, 2 and a”,y", " are drawn to the sides of &
triangle : shew that

sinz, siny, sinz
sin 2’, sin y’, sin 2’ [=0.

sin 2", sin ¥”, sin 2"

5. Three points P, @ und R lie on a great circle, and X, Y
and Z are three other po'nts on the sphere : shew that

cos PX, cos PY, cos PZ

cos QX, cos QY, cos QZ [=0.
f cos RX, cos RY, cos RZ

6. If the bisectors of the angles of the triangle ABC meet at
P, shew that

sin BPC , sin CPA  sin APB

o AP ' soBP ' sin CP =sgin ¢ : sin b : sin ¢

®

() sin? AP : sin? BP : sin? CP

_ sin (5—a) _sin (s=d) , sin (s—c)
sina ~ sinb  sinc
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7." Find the Normal co-ordinates of the point where the arcs
joining the angular points of a triangle to the middle points of
the opposite sides raeet.

Ans. Proportional to sin B sin C, sin C sin 4 and sin 4 sin B.’

8. 1If the internal bisectors of the angles of the triangle ABC
intersect at P and meet the opposite sidesfin D, E and F ree
pectively, shew that

sioPD _  sinPE _  sin PF
sin a sin AD sin b sin BE gin ¢ 8in CF

1
{sin? s +sin s sin (s—a) sin (s—Db) sin (s—c)}* )
(R.U.I., 1896.)

9. If @, a’; B, B and 7, 7" be the segments of the perpendicu-
lars to the sides of a spherical triangle drawn from the opposite
_vertices, shew that

tan e tan «’=tan B tan B’=tan v tan 7’

cos (a+a’)_ coa(B+B) _cos (y+7v))

and .
cos acos @@ co8 Beos B cos v cos Y

10. ABC is s spherical triangle, E is the middle point of BC,
and 4D is drawn at right angles to BC ; shew that

tan ED sin (B + C) =tan }a sin (B—C).
(Sci. and Art., 1804.)



CHAPTER VI
AREA OF SrHEER'CAL TRIANGLE. SPHERICAL
Exckas

6.1. Area of a spherical triangle. Girard’s
theorem.*

Let ABC be a spherical triangle. Produce the,
sides AB and AC. They will meet at A" where A"
is the point diametrically opposite to A (Art. 2.11).
Thus we get a lune ABA"CA with the angle A.
Similarly BC and BA produced give the lune

* This theorem is due to Girard and was published by him
in 1629 in his Invention mnouvelle en Algdbre, A rigorous proof
of it was given by Cavalieri in his Directorium generale uranso-
metricum in 1632,
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BCB"AB of the angle B, and CA and CB produced
give the lune CACBC of the angle C. The triangle
ABC forms a part of each of these three lunes. Let
7 be the radius of the sphere.

Then ABC + A"BC=lune ABA"CA=2Ar2,
ABC+ AB/"C=lune BCB''AB =2Br2,
. ABC + ABC(C"=lune CAC"BC=2Cr2,
by Art. 2.11.

Now the triangle ABCY is antipodal to A""B"C and
hence they are equal in area (Art. 2.12). Hence put-
ting A"B"C in place of ABC" and adding the three
equalitics above, we get

2 triangle ABC + area of hemisphere =2 (4 + B + C)r2,
or, triangle ABC +72=(4 + B + C)r2.

Therefore
area of the triangle ABC=(A+B+C-x)r2 ... (1)

The expression 4 + B + C —r is called the Spherical
Excess of the triangle ABC and is denoted by the
symbol E. It measures the excess of the sum of the
angles of a spherical triangle over the sumn of the
angles of a plane triangle (both being expressed in
circular measure) and hence the name.

If we put 28=4 +B+C, we get
S=3E +}n.
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Cor.1, If E,, E, and E; be the spherical
excesses of the colunar triangles of ABG on the sides
&, b and c respectively, then -

' E,=24-E, E,=2B-E. and E,=2C~E,
_and their areas are
(24— E)r2, (2B —E)r? and (20 - E)r®.

Cor. 2. The sumn of the areas of any triangle
and its colunar triangles is equal to half the area of
the sphere.

6.2. Area of a Polygon. Take a polygon of n sides
and let 3 denote the sum of its angles. Take any
point within the polygon and join it to all the angular
points. Then the polygoen is divided into n triangles
and its area is equal to the sum of the areas of the n
triangles. Hence

grea of the polygon = (sum of the angles
of the n triangles —nn)r®
=(8+2r—nn)r2={S—(n-2)r}r2
=Er2,
where FE is the spherical excess of the polygon.
Cor. Area of a spherical quadrilateral is
(A+B+C+D-2n)r2,
6.8. Girard’s theorem enables usto get the area

of the spherical triangle when the sum of the angles
areknown. When thethree sides or two sides and the-
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included angle are given, the relations established in
the following articles will enable us to find the ares.

6.1. Cagnoli’s theorem.* To shew that

. _ ¥ {sin & sin(s —a) sin (8—b)sin (8 —c)}
sin 3B 2 cos 3a cos §b cos 3¢
We have sin $E=sin (S—3x)= —cos S

=gin §(4 + B) sin §C —cos 3(4 + B) cos 3C.

Hence substituting the values of sin (4 + B) and
cos 3(A4 + B) from Delambre’s analogies (Art., 8.17),
we get

sin 3C cos 3C

sin §E= cos 3o {cos 3(a—b)—cos {(a+b)}
=czi:;¢;‘ sin $a sin b
= s 2ant;in b’ Einciz t;l:;‘ﬂ)”' by Art. 8.8
= Zcos 3a c:s 4b cos 4c” - @

6.5. Expressions for cos ¥ and tan {E. To
shew that

o8 QE-—I_'_COB a+cos b+cos c
" 4 .cos 3acosybcos b

2n
and E= .
tan 1+cos a+cos b+cosc

* Cagnoli, Trigonometria, § 1146. See also Lexell, Acta Petro-’
pelitans, 1783, p. 68, For a geometrical proof see Art. 6.11 below. -
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We have
, 008 §E=cos (S —3r)=sin 8

=sin }(4+ B) cos 37 +cos }(4 +B) sin §C

= {cos? 3C cos 3(a—b) +8in? 0 cos (a+b)} sec 3¢
by Delambre’s analogies Art. 8,17

= {coé 3a cos 3b +sinasin b cos C} sec §c ... (3)*

_ cos?3a cos® §b+sinda cos §a sindb cos b cos C
cos 3a cos §b cos ic

_ (1 +cos a)(1L +cos b) +sin a sin b cos C
4 cos 3a cos $b cos ¢

__l+cosa+cosb+cosc @)t
4 cos 4a cos 1b cos 3¢ oo

Hence dividing (2) by (4), we have

2n

t E= .
an% 14cos a+cos b+cos ¢

6)t

¢ Lagrange, Journal de I'E’cole Polytechnique, OCahier, 6;
Legendre, Géométrie, Note 10. Gudermann, Niedere Sphdrik,
§ 152

+ Euler, Acta Petropolitana, 1778. For s geometrical proof
se¢ Art, 6.11 below.

" 2 De Gua, Mémoires de I'Académie des Sciences, Paris, 1783,
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6.6. Formulae for Colunar triangles.

Let E, be the spherical excess of the coluner -
triangle A"BC. If a;, by, c; be the sides and A,
B,, C, the angles of this triangle, we have

B,=24-F
~And ‘ ay=a, by=r-b, cy=r—c.
A1=A. Bl=ﬂ'—B, 0"—':1""0-
Also '
sy=n—(8—a), 8;,—a,=n—8,8, ~b,=8—c
and 8;—c;=s—b,
s0 that n,=n.
Now sin 3B, = ld

2 cos Ja, cos}b; cosdc,’

whence by substituting the values of a;, by, ¢;
we have

. E = g} - = n e 6
sin 4By = sin (4-1F) 2 cos }a sin 3b singc ©
SBimilarly,,
. o 1= n
sin §8g = sin (B —-4F) 2 sin 4a cos 3b sin 4c @™
-and
. o 1\ = n _
sin $8 = sin (C—1F) 2 sin Ja sin $b cos gc""(e)
Agsin. cos 3B, = 1+cosa, +ocosb; + cosc,

4 cos 4a,008 30008 g, '
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whence

_ _1l+o0cs a—cos b—cos ¢ '
cos 3By =cos (4 -3 B)= 4 cos 4a sin 3b sin §¢ ' @)

with gimilar expressions for cos g Bg and cos §Ey.
Also

= 2 = 2n
t-an 35, =tan (4 -3E) 1+cos a—cos b—cosc - (10)

with similar expressions for tan $Eg and tan JE .

It should be noted here that E;, E, and E; being
spherical excesses are necessarily positive, and each -
of them is less than 27. (Art. 2.9.)

Hence A—-3E, B—JE, C—}E are each less than .

6.7. L’Huilier’s theorem.* To shew that

tan JE =y {tanls tan}(s —a) tan}(s —b) tany(s —c)}.
We have

sin }(A+B + C — )

cos H{A+B+C —n)

_sin §(4+ B)—sin }(x~C)
"~ cos §(A4+ B) +cos §(x—C)

_sin §(4 + B)—cos 4C
cos 4{A4 + B) +8in §C

tan {E=

* Gee Legendre Géométrie, Note 10. See also Geuneet's
Archiv der Math. und Physik., XX, 1853, p. 358 for Gent's proof
of L'Hullier’s theorem. '
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= cosd(a—b)—cos §¢  cos C
cos §(a+b)+cosdc " sin JC

by Delambre’s analogies, '
_sin}(s—b) sin } (3—a) | sin 8 sin(s—c) 3
cos 38 cos $(s—c¢) sin (8 —a) sin (s — b)

| by Art. 8.8.
.=« {tan s tan (s —a) tan 3(s—b) tan }(s—c)}...(11)'

6.8. The Lhuilierian.

We have by (11)

tan 1B, = 4/ {tan}s, tand(s, —a,)tand(s; —=b,)
tan '.-:;(sl “C])}'

whence
tan {(24 —E)= «/ {cot is cot }(s—a) tan §(s—b)

tan 3(s—c)}...(12)
Similarly,
tan (2B — E) = / {cot 38 tan (s —a) cot F(s—b)

tan §(s—c)}...(13)
and
tan (2C—E)= 4 {cot s tan k(s —a) tan J(s — b)

cot 3(s—c)} ...(14)

Multiplying together the quations (11), (12), ...(18)
and (14) we get
tan 1E tan }(24 — E) tan }(2B —E) tan }(2C ~E)

| =cot 48 tan 4(s —a) tan }(s —b) tan 3 (s —c)=L2 (15)
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wheré L is called the Lhuilicrian * of the Spherical
triangle.

Thus
tandE= o 5 s
tan}(24-E)= m_ng;—_a) :
tan1(2B —E)= ‘an_']@”b“)"
and tan }(2C - E)= m%__a .

6.9. Expressions for sin 1 F and cos }E.

‘We have
sin? 1E=}(1-cos }E)

1+cos a+cos b+cos 4
_ 1+cos @+ 008 by Art. 8.6
=%{ 4 cos Ja cos 3b cos §¢ } YA

=34 1- cos? 4a +cos? 4b +cos? Jo—1
2 cos $a cos b cos ¢

_1—cos? a—cos? §b—cos? Jc+2cos facosbecosfc’
4 cos $a cos b cos 3¢

o= sin 48 sin 4(8 —a) sin 3(8 —b) sin (s — c) ... (16)
cos 3a cos 3b cos 4c .
* The name Lhuilierian is suggested by Dr. Casey after the ':
name of L'Huilier who obtained this expression.
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Similarly,

cos? JE=3(1+ cos 3E)

=%{1+ 1+cosa+cos b+cosc }

4 cos 3e cos 1b cos Jc

_ c0s? 4a +cos? 3b + cos? Jc +2 cos %a cos 3b cosge—1
4 cos 4a cos J;b cos 30

_ OB 38 cos (s —a) cos 3(s—b) cos $(s—¢) an
cos 3a cos 3b cos 3¢

L’Huilier’s theorem is obtained by dividing (16)
by (17).

6.10. Expressions for sin 1(24-F) and
©o0s } (24— E).

Substituting in (16) and (17) the values of
the elements of the colunar triangle A’ BC' from
Art. 6.6, we get,

sin® }(24 - E)

_ cos 38 cos §(s—a) sin J(s—b) sigi(a—c)‘ (18)
cos Ja sin 3b sin 3¢

and cos? }(24 - E)
_ #in s sin §(s—a) cos $(s—b) cos §(a—c) (19)

cos ja sin $b sin 3¢

Hence by division, we get
tan? 124 — E)=cot }s cot 4 (s —a) tan §(s — b) tan }(s —c),
which is the same thing as (12) of Art. 6.8.
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6.11. Geometrical representation of the Spherical
Excess.

~ LesD, E and F be the middle points of the
sides BC, CA and AB of the triangle 4BC, and let
EF meet BC prodvced at ' and P/. Then by
Art. 5.9, we have

A A A A A A
PBY=P!ICZ, FBY=FAX and ECZ=EAX.

A A A A A .A
Hence PBY + PICZ=PBF + P/CE—-FAX—-EAX
=2r=(A4+B+C)=nr—E,
so that Pﬁl’:P’éZ=-§:r—-:}E, i.e., complement

of half of the special excess.
Now from the right-angled triangle PBY, we have

sin PBY _ 1

sin PY sin PB’

but PB=}nr—}a and PY=4r—-EF ;
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therefore

cos §E = cos EF _ 1+cos a+cos b+cosc
cos a4 cos da cos §b cos 3¢

(Ex. 8, p. 89.)
Again cos PBY =sin P cos PY=sin P sin EF.

But from the triangles PBF and E AF, we have
sn P _ sin F and 8o EF _ sin’3b
sin §¢ sin PB sind sinF

othat cos PRY= Smibeingosind
)

n
2cos 4a cos §b cos §¢’

Therefore sin §E=cos PBY =

which is Cagnoli’s formula.

ExAMPLES WORKED OUT

Ez.1, In s spherical triangle if cos C= —tan §a tan §b,
shew that C=A4+B.
We have cos C= —tan §a tan §b,

sin #a sin }b cos C

0= —
o cos? C cos §a cos b

—cos? C sin }a sin §b cos C
1—cos? C cos }a cos 4b +sin }a sin b cos C

=tan K cot C, by Arts. 6.4 and 6.5.
Hence —cot C=tan }E=tan (§—}¥)=~—cot S,
or, C=8=§(d+B+C).
80 that C=4+B.
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Ez.8. Shew that

‘sin &=

{sin 4 sin }(@4 — ) sin 3(4B—E) sin §@C—E)}¥
2 sin $4 sin §B sin §C. .

‘We have
{sin § E-sin $(24 — E) sin }(2B—E) sin §@C—E)}

on?

=m by (2) of Art. 6.4 and (6), (7), (8) of Art. 6.6%"

~2eins Bm.(&_a.) $ia fs—b) Ain #—c) , by Art. 3.9
sin @ 8in b sin ¢

=9 gin 8 sin §4 sin B sin §C, by Art. 8.8.

Hence the result.

Bz. 3. If E' be the spherical excess of the polar triangle, and
E,, E3 and Ej those of the colunar triangles, shew that

tan 3E’= +/{cot }E tan }E, tan }E; tan }Es}.
(Proubet.)

Let ', b’, ¢’ be the sides and A’, B’, C’ the angles of the polar
triangle of ABC, then

E'=A'"+B +C'—x=2 (x—3),
2’ =d’ +b +¢'=2r—E,
' —a'=}(b +c'—a)=}QA—E),
¢ =b'=}(c+a"—b)=}(2B—E),
and §'—c'=} (¢’ + b —¢)=}2C—~E).

Now tan 1E'= +/{tan }s’ tan §(s’—a’) tan 3(s’—b’) tan }(s’=c")}
by Art. 6.7,
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128
Hence substituting the values, we have

tan E’=tan }(x—8)=cot s
= ~/{tan {(2x—E) tan }(24 ~E) tan }(2B~— E) tan }(2C—E)

= #/{cot 1E tan 1E; tan }E; tan 1E;}.

ExXAMPLES

If E;, Ey and E; be the spherical excesses of the colunar
triangles on the sides a, b, and o respectively, shew that

sin 3 =tan }b tan }c.

sin E,
a2 gin 3By _ sin §Ey _ sin §E5 _ sin }E .
" tan %a tan 3b tan §c tan 4a tan }b tan }c
. +/{gin 1E sin }E, sin }Eq sin }E3}
p 9 - 3 251 2 3
8. sin? § cot 3a cot 3b cot J¢ '
4. tan }E cot }E)=tan }s tan }(s—a).
tan 1E cot $E3=tan §s tan }(s—b).
tan }E cot 1E3=tan }s tan 3(s—c).
5. cot }E tan }E, tan }HEg tan 1 Eg=cot? }s.

tan 1E cot 1E, tan 1FEy tan 1 E3=tan? }(s —a).
tan 1E tan 1E) cot 1Eg tan 1 E3=tan? §(s—b).
tau 3E tan }E; tan }1Eg cot }E3=tan? }{s—c).

In an equilateral triangle of side @, shew that

tan 3E =tan 1a vtan %a tan }a.
(Dacca Uni., 1930.)

In an isosceles triangle shew that

7.
tan }E =ton }c+/tan }(a + §c) tan }(a—gc),

where a is one of the equal sides.
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8. If the angle C of a qp“enca.l trlangle be a right angle,
shew that
() sin 3 E =sin 3a sin 3b sec je.
(47) cos §E =cos 4a cos 3b sce #e.

sin? c. ina in?
) o B =8nta . sin?h
CcOo8 @ co8 v

9. If the sum of the angles of a spherical. triangle be four
righ’ angles, shew that
cos? }a + cos? 3b +cos? jc=1.

10. A given line is divided into two isosceles triangles, und_‘
the area of one of them is n times the area of the other ; shew
that

tan $4 cos 0=tan n»;—i /;,
where A denotes the angle of the lune and 8 one of the equal
sides.
(Sci. and Art, 1894 ; C.U., M.A. & M.Sc., 1926.)
11. Shew that
sin 3E sin }E, sin 3E; sin $E3=N3.

12, Shew that

31E =tan %a tan 4b sin C—% (tan 3¢ tan }b)? sin 2C +.......

13. If a, B and 7 be the arcs joining the middle points of the
sides of a spherical triangle, shew that

sin 3B =2{sin o sin (¢ —a) sin (¢—B) sin (:r—-y)}4
where a+ 8 +y=2q.
14. If the area of a spherical triangle be one-fourth of the
area of the sphere, shew that the arcs joiding the middle points

of its sides are quadrants. )
(London University.)

15. Shew that
cot §a cot §b
sin C
(C.U., M.A. & M 8¢,, 1927.)

cot $E=cot C+

.
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APPROXIMATE FORMULAE

6.12. Legendre’'s Theorem.* If thc sides of a
spherical triangle are small compared with the radiug
of the sphere, then cach angle of the spherical triangle
cxceeds by one third of the spherical excess the corres-
ponding angle of the plane triangle, the sides of which
are of the samc lengths as the arcs of the spherical

- triangle,

Let «, Band y be the lengths of the arcs forming
the sides a, b, ¢ of the spherical trisngle ABC,
so that the circular measures of the sides are

x B

= and z-. r being the radius of the sphere.

T
Then cos = — cos B cos ¥
cosa—cosbcosc _ L
cos A = - - = B
sin b sin ¢ ain 2 sin -7
T T
1l Lot
2172 4| qr¢
= 3 s
1 i 1
L1180, g - ]
T T, r

4] r4 2172 41 r¢
- B_1p y_ 17
{1—317 + ... ?—31 1'3+ ...}

* Legendre, Mémoires de Paris, 1787, p. 838; Trigonométrie,
Appendix V. Bee also Gauss, Disquisitiones generales circa super-
ficies curvas, §§ 27, 28,and Mertens, Schidmilch’s Zeitschrift, 1875,
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Hence neglecting powers of% Beyond the fourth, we
have

2 2.9 4_04_ 4 _QPR2.S
_l.B ty?—a? 1« Rt —yt =602y
2 r2 24 T4

.(:'.08 A= ﬂ'y ( BQ,*_.YQ \

r2 6r2

_ {ﬁ2+72—a(9+o(*—,84—7*—-63272 } { )Gs*')' }

28y Sy 69
28y 24,371‘2
1

If A/, B’ and C' be the angles of the plane triangle
with the sides «, B and y, we have (Art. 3.6)

B2+y® —a?
).ﬂ‘y 3
and  sin?4/=1-cos?4!
_ 2B%%+2y%a® + 24233 — it~ B¢ --y
43%*
By sin24!
6r2

cos A! =

Hence cos A=cos A'—

= s a- A3 L@

where A =38y sin 4’, i.e., the area of the plane tri-
angle (Art. 3.10).
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Now if 6 be the excess of the angle A over the
sngle A/, we have

cos A=cos (A’+6)=cos A'—6sin A’ approximately,
6 being a very small quantity.

. Heﬁce from (2) we have

..A
3r?
L A
Thus A=A+ e
imi ‘ = B/ A_ ! A
Similarly, B=B'+ 55 and C=0+-= gl
80 that
A+B+C=41+B+0+ B=r + 4
T T
or,  A+B+C-r= 2 ie,B=L . (@
7 T
Therefore

A=A'+—%E, B=B'+;§—E and C=C'+ %E “)

6.18. We have seen in Art. 6.1 that the area of
the spherical triangle is Er?, and from (8) of the
previous article we have Er?’=A. Thus the
areas of the spherical triangle and of the plane
triangle with sides of the same length are approxi-
mately equal, when the sides are very small as com-
pared with the radius of the sphere.
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A closer approximation of the ares is given in the
following article.

. 6.14. Rpproxlmb.fe value of the spherical
- @x0ess.* .

We bave by L’Huilier’s theorem (Arf. 6.7)
tan }E = {tan 8 tan }(s—a)tan § (s—b) tan %(s-—c)}*
Now
k _ 3s—h(38)3+... _ Js(l- g48%+ ..)
tan 35= giff,l(g's)?+ . 1—§83+ -
=s(1—5Ls2+ .. )(1—}s2+ ...)—1=§s(1+,1532) \
approximately,
Hence
tan }E = [stuhlfsﬂ) Je—a){1+h(s—0a)2}.
Je—b) {1+ (s —b)2}.he—) {1+ (s — c)’}]

Has—a)e—b)(e—0)

4 82F (—a)>+(e—b)2+(s—0)® | 3
5

]

1 |3
i #E =aE= A )

82 + (s’—-«)” +(8'—B)2 + (8 —7)9
{1+ 12r3

* Gauss, Dssquisitiones, § 29.
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where 28'=o+B+y.

o2 + 32 +v2
2 1+ 2412

Thus tan JE= ir

approximately,

A 2+ 2+ 2 i
or, = H{1+ 5__2%2_1_ } e ()

since the quantities are very small.

Hence to this order of approximation, the area of
the spherical triangle exceeds that of the plane triangle

P
by 57 ‘Li%—'i of the latter. If in (5) we neglect

the fourth power of 7, we gel the result (8) of Art.
6.12.

ExAMPLES

1. Shew that a cloger approximation for 4 is given by
1 E

_A-A’+%E + g 3 BT 20,

2. Shew that -
sin 4 :{ 3"“’(1+7ﬁ_‘:_353)}
sinB B8 6r® 60r?

spproximately.

8. Shew that for & closer aspproximation

By sin24’ +B’y(u’—8ﬂ’—8'y‘) sin%4’
6r* 180r* *

cos A=cos A'—

4. Bhew that if A=A’+6, then approximately
=By 8in A'{1+ a? + 7% + Ty? } .

6r® 1207

—————



CHAPTER VII
CIROLES CONNECTED WITH A GIVEN TRIANGLE

INsCRIBED AND CIRCUMSCRIBED CIRCLES, HART'S CIRCLE:

7.1. Inscribed and Circumscribed Circles. Circles
can be described touching the sides of & given spheri-
cal triangle or passing through its angular points.
The contact again may be internal or external, i.e.,
the circle may be wholly within the triangle or it
may be outside the triangle.

The circle which can be inseribed within the
given spherical triangle so as to touch each of its
sides internally, is called its Inscribed Circle or Incir-
cle. Its pole will be the point of intersection of the
internal bisectors of the angles of the given triangle.
Its angular radius will be denoted by the letter .

A circle which touches one side of the triangle
and the other two sides produced, is called an Escribed
Circle or Excircle. Its pole will be the point of
intersection of the bisectors of the external angles.
There will be three such excircles to a given triangle,
and we denote by the letters 7,, 7o and r5 the angu-
lar radii of the excircles touching the sides BC, CA4
and AB respectively. It is evident that the excircle
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touching BC is nothing but the incircle of the Colu-
nar triangle A”BC. Thus the three excircles are but
the incircles of the colunar triangles.

The circle which passes. through the angular
points of the given triangle, is called its Circumscrib-
ing Circle or Circum-circle. Its pole will be the point
of intersection of :the arcs bisecting the sides of
tﬁe’triangle at right angles. Its angular radius will
be denoted by the letter B,

7.2. The Incircle, To find the angular radius of
the small circle inscribed in a given triangle,

A

A
Lok

Let ABC be the given triangle. Bisect the
angles B and C by great circular arcs meeting at I.
From I draw ID, IE and IF at right angles to the
sides. ' o
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" Then" the triangles IBD and IBF having the
angles at D and F right angles, the aigles at B equal
and IB zommor, are equal in all respects. So also
the triangles ICD and iCE ars eoual, Therefore

ID=IE=IF,

and the triangles IAE and IAF are equal, so that Al
bisects the angle 4. Thus the internal bisectors of the
angles of the triangle ABC meet at I. A small circle
drawn witk I as pole and ID as radius will touch the
sides at D, E and F and will thus be the incircle of
the given triangle.

Now from the triangle IBD, we have by (7) of
Art. 4.1

tan ID =tan 4B sin BD=tan §B sin (s—b),
or denoting ID by r, we have
tan r=tan }B sin (s—b).
Similarly, tan r=tan {4 sin (3—a)=tan 3Csin (s —¢)
1

Again substituting the value of tan B from
Art. 3.8 we bave

sin (s—a) sin (3—¢) n
tan r= / sin 8 sin (s—b) 81 (6=b)= gins °

o (2)
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Similarly substituting the value of the sines in
(1), we get .

_ ‘an ;=50 3B sin 3C

o8 iA sin a, voe
Msm b, .. ¢ .. (8)
‘ cos B
sm 34 sin Esm c. J
cos $C

and hence by Arts. 8.13 and 3.14

tanr= {—cos 8 cos(S—A) cos (S—B)cos (S-—C)}%
‘ 2 cos 34 cos'3B cos 4C.

N .
" 2 cos %A cos $B cos —.},C’: ’ . (D*

Again since
cos S+cos (S—A)+cos (S~ B)+cos (S—C)

=4 cos 34 cos 3B cos 3C
we have

cot r= {cos 8 +cos (8—4)+cos (S—B)+cos (§—C)}
2N .

(®)

* Lexell, Acta Petropolitana, 1782,
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7.3. The Exclrele. To find the angular radii of
the escribed circles of the given triangle.

B

c

Let ABC be the given triangle. Produce AB and
AC to meet at A”, Then the circle escribed to the
side BC is the incircle of the colunar triangle A’BC,
the parts of which are a¢, #—b, n—c, A, r—B and
n—C. 1f 28, be the sum of the sides of the colunar
triangle, we have

8, =n—(s—a), 8, —a=n—3s, etc.

Hence if r, be the radius, we have by Art. 7.2,
tan 7y =tan 34 sin (s; —a)=tan 34 sins. ... (6)
Proceeding as in Art. 7.2 or substituting the ele-

ments of the colunar triangle A”BC in the formulae
of Art. 7.2, we get

"
sin (s—a) '
= Msin a, ... .. (8)

coB 34

' N PR
=2 cos 34 sin 3B sin §C° v @

tan ry =

0]
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and.

—cos S— cos(S —A) + cos(S— B) +cos(§—-C)},

cotry = { 5N

~—

S . (10)

7.4. The radii ro and r3 of the other two ex-
circles are easily obtained in the same manner or by
appropriate interchange of letters in ;. Thus

. n
tan ro= tan JB sins= ——, ete.,
sin

(s—b)
and tan r;= tan 3C sins=——""_, ete.
sin (8 —c¢)

7.8. The Circumcircle. To find the angular radius
of the small circle described about a given triangle.

Let ABC be the given triangle. Bisect the sides
BC and CA at right angles at D and E by great
circular arcs meeting at P. Join PA, PB and PC.
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TFhen the triangles PBD:and PCD, having BD =
CD, PD common and the angles at D right angles,
are equal in all respects, so ihat PB'=PC. Similarly
.from the equality of the triangles PCE and PAE, we
have PC=PA, so that PA=PB=PC.

Hence a circle with P as pole aud radius PA will’
pass through the angular points of ABC, and will thus.
be the circumcircle of the triangle.

Now from the triangle BPD, we have by Art. 4 1
tan BD=tan BP cos PBD=tau BP cos (S—4),
or denoting the radius bv E, we have

tan e=tan R cos (S—4),

. tan Ja
.c. tapn R= " 2" __
B0 an cos (S—A4)

Similarly, (11)

tandb _  tanic

cos (8—B) cos (S=C) ~ °

tan R=

Substituting the value of tan Ja from Art. 3.13
we have

tan R::{ —~cos S i }% "

cos (S—A) cos (S—B) cos (S~ C)

_cos S

N (12)
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Again since (Ex. 11, p. 56)

cos (S—4)= —cos 8 cot $b - cot gc,

‘we have tan R=

_ tan Ja tan b tan 4c ‘
oh g . e (18)

n

Also —cos § =
2 cos 4a cos $b cos 3¢

, (Ex.. 15, p. 56)

Hence tan R= 2sin {;a syi‘n 4b sin %c. .. (14)%*
We have from Ex. 14, p. 56.
cos (8—A4) _ cos 3b cos 3¢
sin 4 cos 3a ’
so that tan R= sir: ga .. (15)

sin A cos 4b cos ic
Again since
sin (8—a)+sin (8—b)+sin (8—c)—sin &
=4 gin §a sin b sin §o,
we have
tan R =§1; {sin (8—a)+sin (s —b)+sin(s—c)—sin 8 },
. (16)

® Lexell, l.c. This result follows at once from Ex. 16, p. 56.
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7.6. Circumoircles of the colunar triangles. To
find the angular radii of the circumcircles of the three
.colunar triangles. '

Let By, B, and .23 be the angula radii of the

, circumcireles of the colunar triangles on the sides a,

b and c respectively. The elements of the triangle

A"BC are a, n—b, n—c, A, r— B and s—C. Hence

substituting these values in the formulae of Art. 7.f,

we get the formulae for B, the circumradius of the
colunar triangle ABC,, ‘

Thus tan By = —@-% - (17
cos
- o8 (S—4)
G-4) (18)
_ tanJa cot 3b cotic
cos (S—4) e (19)
— 2sinacos §b cosje (20)
= .
o fnde g

“sin 4 sin b sin ¢

= 7‘1—; { sin 8 —gin(s —a) + sin(s —b) +sin(s —¢) } .
e (22)

tan 3b _ cos (S—B)
cos S N

Similarly, tan By=-— , ete.,
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“tan e — cos(S C)

cos S ! etc

and ‘tan R3= -

7.7. Inseribed and Circumscribed clrcles of the
Polar trla.ngle ' '

Let A'B’C’ be the polar trmngle of ABC. Now I
the incentre of ABC, is equidistant from its three
sides. and hence equidistant from their poles A/, B!
and ¢’ (Ex. 6, p. 12). Hence.

1A’=IB’=IC’=%7r—'r,

i.e., a circle with I as pole and 1A’ as radius will pass
through B’ and C'.- Thus,

The pole of the incircle of any triangle is also the
pole of the circumcircle of the polar triangle, and the
radius of the incircle of the i{riangle is equal to the
complement of the circumradiug of the polar triangle.

Similar reasoning applies to the case of excircles
also. Thus the poles of the excircles are the same as
the poles of circumncircles of the respective colunar
triangles of the polar triangle and the radii of the
formér are the complements of the respective circum-
radii of the later.

. Again sincé ABC is slso the polar triangle of
A'B!C', we have the supplemental relation,
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The pole of the circumcircle of any triangle is also
the pols the incircle of the polar triangle and the
circumradius of the triangle is equal -to thc comple-
ment of the radius of the incircle of the polar {iriangle.

It follows from tke above that if the radius of
the incircle of a triangle is known, the radius of the
circumcirele of the polar triangle as also of the given
triangle is at once obtained.

EXAMPLES WORKED OUT

Ez. 1. Shew that (cot r+ tan R)3

e (sin a+sin b +sinc)? — 1

= —4—1,—; (sin A +8in B+sin C)? — 1,

We have from Arts. 7.2 and 7.5

cot r4tan R= 200, 1
n 2n

{sin (8—a) +sin (s—b)
+gin (s =—¢)—sin s}

- 21; lsin s+s8in (s—a) +8in (s—b) +sin (a—c)}

I

—:—'l {sin b +¢) cos §a +sin 4a cos (b—c) } .

Hence squaring both sides, we have

(cot r +tan R)} = ;'1—’ {si 03 }(b +¢) cos? §a + sin? §a cos? }(b—c)
+2 sin §a cos §a sin (b +¢) cos ](b-—c)‘}ﬁ

10
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1
= { {1—cos (b+¢)} (1+cos a)
+(1—cos a){1 +cos (b—c)} +2 sina (gin b +sin n)}'
1 . . . . . .
=———-{1 +s8in a sin b+sin bsinc +sincsine
2n

—cos a cos b cos c}

= 1 l (sin a +8in b +s8in ¢)? — (l—cos? &

~cos? b—cos? ¢ +2 cos @ cos b cos c)l
1 . N
= -— (sin 6 +sin b +8in ¢)? —~1.
4n?

. sine _sinb _sinc _n
A§a1n since -~ = SRS oo TN (Ex. 7, p. 65)

we have
(cot r + tan R)¥= -4-%]—. (sin A4 4 sin B +sin C)¥=1.
' 1.
- - e L a—gin a) —
Similarly, (cot r,—tan R) i lein b +sin ¢—sin a)* -1,
(cot o —tan ""’Tln'- (sin ¢ +sin 6—sin b)* =1,

snd (cot r, —tan R)* -i:—'-(sin a+sin b—sin ¢)*~1.
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Ez. 2. Angular distance between the poles of the circumoirels
and the incircle.

1f 3 be the length of the great circular arc iéining the poles of
the incircle and the circumeircle of a triangle, then will

cos? 5=35in? r cos” R +e0st (P —~71).

A

Let I and P be the poles of the incircle and circumcircle of
the triangle ABC, and let PI be denoted by 3. Through I and P
draw two secondaries to BC meeting it at D and E respectively,
Then we bave by Art. 3.7

cos 8 =sin ID sin PE +co3 ID cos PE cos ED,

But BD=s—b, BE=}a; hence ED=}(c—b).
Also ID=r, sin PE=sin R sin PBE =sin B sin (§—4),
end cos PE=S2 R

cos §6

i . . _ cos §(c—b)
Hence cos 3=gin r sin R sin (§ A)+coucosB——;.—-ﬂ-—~
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=gin r sin B sin (S~ A4) +cos rcos Rii—n—i(B——:—C) ,
cos 34

by Delambre’s ﬁrsf‘annl:tz)gy (Art. 8.17)

=gin r cos R {tan R sin (S—A) +cot r M
cos §4

—cos 8 8in (S—A) +2 cor 3B cos 3C sin }(B+C)}
L4

—smrcosB[ N

by Arts. 7.2 and 7.5

=gin r cos R {sin A+_s;%’_3+sin C] .

Therefore we have by Ex. 1,
con? 3=5in? r cos? R{(cot r+tan R)2+1}

“ =gin? r cos? B+ cos?(R —71).

7.8. Hart’s Circle. In the plane geometry we
have the well-known theorem of Feuerbach that the
inscribed and escribed circles of a‘pl'ane triangle are
all touched by another circle, namely, the Ninepoints
Circle. Sir Andrew Hart discovered in 1861 * that
the theorem holds in the case of spherical triangles
also. He demonstrated that the inscribed circles of
s spherical triangle and its colunar triangles are ali

©  ® Bee Quarterly Journal of Mathematics, Vol. IV, p. 260,
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touched by another gmall circle. This circle touches
internally the incircle of the triangle and externally
the incircles of the colunsar triangles.

7.9. Spherical Radias of Ha.t’s Circle.

Let ABC be the given triangle, and r, 7y, rg, 7y
the radii and I, I,, I,, I; the poles of the inscribed
and escribed circles. Let p be the radius and H the
centre of Hart’s circle. Then since Hart’s circle
has internal contact with the incircle and external
contact with the excircles of ABC, we have

]
o/

HI“P"'T. Hll=p+T1, H19=p+7'2 and HI3=p+73h

Now since the angle 4 is bisected internally by AF
and externally by Alg, they are at right angles to
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each other. Thus AI, is an altitude of the triangle
f,I13. Similarly BI, and CI, are the other
altitudes.

Let 2v, 2v;, 2v, and 2vg be the sines of the
triangles I,1,1, II 14, II31, and II,1,, then .

2V=Sin 1213 Sin AIl’ 2V2=sin 1311 Sin BI,
vy =sin I, sin AI, 2vy=sin 1,4 sin CI.

If IF be drawn perpendicular on AB, we have
IF=r, and

sin r=sin Al sin §A and sin 7, =sin AI, sin §4,
so that sin 7: sin 7y =sin Al : sin AI,.

1
Hence vivy= I
sinr = sinr,

Similarly

1 1 1 1
Ve Vy: Vg . Vg=— . - { = . = .
1 2 3 SIn 7T ST §in Tg 8ln T3

Applying Dr. Casey’s Theorem (Art. 5.10) on the
triangle I,I,1; we have
vy cos HI, +vg cos Hl;+vg cos HIg=v cos HI,

ar,

"cos (p+1y) 4 co8 (p+75) 4008 (p+713) cos(p=—1)
‘' sinry sin 74 sin 75 T osinT
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f.e., cos p (cop r{+cot rg-+eob 73)—3 sin p

=cos p cot 7 +8in p,

Thus 4 tan p=cot r, +cot rg +cot r3—cot r
1 4. . . .
= —sin (8—a)+sin (s—b)+sin (s—c) —sin s

=2 tan R,
where R is the circumradius of the triangle ABC.

Hence tan p=4 taa R.

7.10. Angular distance of the pole of Hart’s
oircle from the vertices of the given triangle.

The lengths of the arcs joining H to 4, B and C
can be obtained with the help of Art 5.1. Thus
applying the theorem to the arc 1341, we have

cos HI; sin Al,+cos HI, sin Alg=cos AH sin I3lg,
or, cos (p+7g)sin Al,+cos (p+7y) sin Al

=cos AH sin (414 + Al ).

. sin 7,
But sin AI,= —-——'-i-, sin AI?,=coB 1};‘1

el

cos Alg=cos 74 cos (8—c), cos AI3=cos r3 cos (s -b).
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Hence substituting these values in the above
equality, we have

sin ry CO8 T3 +cos 79 8inTg—2 tan p sin 1y sin 1

=_cos AH {sin 74 008 T3 €08 (8—b)
cos p

+8in r3 cos 74 cos (8—c) },
or, cot g +cotrz—2 tan p

_ cos AH

b os (8—b) +cot r - )
on p {co r4 cos (8—b) +cot rg cos (s c)}

whence substituting the values of cot ¢, cot 4 from
Art. 7.4, and of tan p from Art. 7.9 we get

sin (8—b)+sin (s—c)—2 sin 4a sin b sin o

_ cos AH
cos p

{sin (8—c) cos (s—b)

+s8in (8—b) cos (8—c) } s

Hence simplifying, we have

1
cos AH= MMCOB p.
co8 '20

] 1
Similarly cos BH =-99iii-°,98—3-‘3 cos p,
o ' cos gb
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. N
-and cos CH =—99§-9££r55—13 cO8 p.
: cos §c

7.41. The lengths «H, Bh and CH can be
, bbtained easily without previous] knowledge of the
value of p. Thus from the previous article we have

cot 79 +cot rg—2 tan p .

_cos AH {cot r5 cos (s—b) +cot 74 cos <8‘°)}
cos ¢

And applying Art. 5°1 to the arc AII,, we have
cos (p—r) sin AI, —cns (p+7,) sin Al

=cos AH sin (AI, - Al),

which on simplification becomes

cot 7y —cot -2 tan p

_cos AH {cot 7 cos (8—a)—cot ry cos s },
cos p
Thus cotrg+cotrg—2tan p= cos AHsina
n cos p
and cot 1y —cot =2 tan p= _cosAH sina

n cos p

Hence equating we have

tan p=1} (cot r, +cot ry +cot r3—cot r)=4 tan R.
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and cos AH=,}%°B‘IP { cot 1y + cob 74 —cot ry +cob r}

cos b cos Jc
=———"2 "2 cosop.
cos 3@

Thus the value of p is simultaneously obtained
'with that of AH.

7.42. Baltzer's . Theorem.* The pole of the
great circle through the middle points of two sides of
a triangle is also the pole of the circumcircle of the
colunar triangle.

Draw AX, BY and CZ at right angles to the great
circle EF passing through the middle point E snd F,

¢ Baltzer, Trigonometris, § 5.
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of .the sides AC and AB of the triangle ABC. Let
these perpendiculars meet at O’. " Then O’ is the
pole of the great circle #i.

We have by Art. 5.8 AY¥=BY=CZ=p (say),
then O'A=)r+p and O'B=0/C=}n—p.
Hence O'B=0'C=}n—(0'A—}n)=x- O'A=0'4)
where A’ is the point diametrically opposite to A.

Thus the point O’ is equidistant from the points
B, Cand A/, i.e., the vertices of the colunar triangle
A’BC snd hence is the pole of its circumcircle.

7.18. Theorem.* If from a fixed point P on the
surface of a sphere, a great circular arc be drawn
to cut a given small circlein A and B, then will

tan §PA tan JPB = constant.

A

P

« Lexell, Acta Patropolitana, 1782, p. 65.
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Let O’ be the pole of the given small circle,
Draw 0'D perpendicular to AB. Then the triangles
0'AD and O'BD are symmetrically equal and henee
AD=BD,

Now from the triangle PO’D, we have
cos PO'=cos PD cos 0'D,

" afd from the triangle A0'D, we have

cos AO'=cos AD cos O'D.

cos PO’ _cos PD

u _cos PD
ence cos A0 cos AD'

cos AD—cos PD _cos AO'—cosP_Q'
cos AD +cos PD ~ cos A0/ +cos PO'’

or,

ie., tan §(PD —AD) tan $(PD + AD)
=tan 3(PO’'~A0') tan §(PO'+ AO').

Thus tan 3PA tan $PB=tan §(5—p) tan §(5+p)
=constant,

where & denotes the angular distance PO’ and p the
angular radius A0’

It is evident that this result does not depend on
the positions of 4 and B, so that it holds for all
positions of the arc PAB drawn through P. The
constant tan 3(8—p) tan $(5+ p) is called the spherical
power of the point P with respect to the circle, It {8
positive when P ig oulside the circle, negative when
P is inside.
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‘7.44. Lexell’s locus.* The basc and the area of
a epherical triangle being given, the locus of the vertex
is a small circle.

Let BC be the given base, and B” and C” be the
points diametrically opposite to B and C respectively.
Then in the triangle AB/C", the angle B’=7z~DB and
C'=x—C. Suppose P to be the pole of the circum-
circle of the triangle AB"C". Join PA, PB" and PC".

Then we have
A A A A A A
PB?C"=PC"B", PC"A=PAC"” and PAB"=PDB"A.
Therefore B" + (" — A=PB1Cr + POrBr =
A A
2 PBICr=2 PCrBn.

¢ Lexell, Acta Peteopolitana, 1781, I, p. 112,
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Hence if the angle PB"C" or PC"B ig known, the
pole P can be determined.

Now the area’ of the triangle ABC is given ; hence
its spherical excess E is also known. But

E=A+B+C—-a=A+nr—B"+z—-Cl—¢
=x—(B"+ClI'—-A),

Phus B” +C"—A, i.c., the angle PB"C" or PC"B#
is known, so that P is determined and the circum-
circle of AB/C" ig completely known.

As A is a variable pdint, it follows that the locus
of A is a small circle through B” and C’—the circum-
circle of the triangle AB"C”,

ExAMPLES.
Prove the following relations for a spherical triangle :—

1. tan r tan r; tan 73 tan r3=n?,
cot r tan r; tan ry tan ry=sin3 s,
tan r cot r; tan r tan ry=sin? (s —a).
tan r tan ry cot 79 tan r3=sin? (s—b).
tan r tan r; tan rz cot r3=sin? (s—c).
2. cot R cot Ry cot By cot R3=N?3,
tan R cot R, cot Ry cot R3=cos? §.
cot B tan Ry cot By cot Ry=cos? (§—4).
cot R cot R; tan Ry cot Ry=cos? (S~ B),
cot R cot Ry cot Ry tan R3=cos? (§—C),
8. cotrp:cobrg:cobry:cotr
=sgin (s—a) : sin (s—Db) : sin (s—¢) : sin »,
tan R; : tan Ry : tan Ry=cos (S—4) 2 cos (§—B) : cos (§~C).
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4. cot r,+cot rg+cot rg—cot r=2 tan R.
tan I} + tan Rg+tan Ry—~tan R=2 cot 7.
cot r—cot 7) + cot rg ++cot 73 =2 tan B;.
tan R—tan R; +tau Es+.an K3=2 cot ry,

b... cot r sin s=cot §4 =t }B cot §C.

6, tan R+cot r=tan Rj+cot -; =tan Rg+cot rg

=tan Rj+cot r3==}(cot r +cot ry +cot rg+cot rs).
7 tan R tan R;+tan Rgtan Ry=cut r cot r) +cot rg cot r3.

g, tan 1 ttanrg+tan ry—tan s
o

=§(1 +cos a+cos b+cos C).
cot 1 +cob rg+cot r3—coL

9 tan? B + tap? R +tan? By +tan? Ry

oot 1+ wul? 1y + col? 13 + col? 1y
tan? R+tan? Ry —tan? Ry—tan? Ry cos 4

10.
cold r+cold rp—cotd rg—co?ry cos 6

tan r co8 (§—4) cos (S—B) cos (S—C)
1. = - X .
tan B 2 cos §.- cos §B cos §C
12. cosec?® r=cot (s —b) cot (s —c) + cot (s —c) cot (6 —a)
+cot (s —a) cot (s—b).
cosec? r; =cot (s —b) cot (s —¢) —cot s cot (s —b) —cct 5 cot (s—c).

13. ent (s—a) . cot (s—B) . cot (s—c) +_2cots

sint 1) sin? rg 5:0% 13 sin? r

=3 cot (s —a) cot (6 —b) cot (s—c),

14. cosec? ry + cosec? rg+ cosecd ry—cosec? r

= —2 cot s{cot (s—a) +cot (s—b) +cot_(¢—c)}.

15. l+(cotry—tsn R + 1+ (cot rgy—tan R

+ &1+ (cot r3—tan R)} = +/1+(cot r+tan R)S,
16. Bhew that in an equilateral sphericai triangle

tan R=2tanr.
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17. ABC is an equilateral spherical triangle, P the po'e of the
circle circumscribing it, and Q any point on the sphers : shew that

cos Q4 4 cos QB +cos QC=3 cos PA cos PQ.
(C.U.M. A & M. Sc., 1926.)

18, If 3 be the angular distance between the poles of the
circumcircle and the incircle of a spherical triangle, shew that

cos 8 _ sina+sinb+rine
¢in rein B 4sin 3a sin 36 sin 3¢’

snd sec? R sec3 7 sin? 5=tan? R—2 tan R tan r.
(London Unsv. Exam. Papers.)

19. If 3;, 33 and 33 denote the angular distances bctween the
poles of the circumcircle and excircles of a spherical triangle,

shew that
cos? 3, =cos? R sin? 7, + cos? (R +1)).

cos? 33=cos? R sin? r9+cos? (R + rg).
cos? 33=cos? R sin? 73+ cos? (R + r3).
8in? 3, =sin3 (R +r)—cos? R sin? r.
gin? 85=7¢in? (R + 1) —cos? R sin? rq.

8in? 85 =gin? (R + r3) ~ cos? R sin? r3.

20. IfI, I, I;and I; denote the poles of the inscribed and
escribed circles of a spherical triangle, shew that

cos T cosrg  COBTy
cos (s—a)  cos(s—b) cos(s—c)

cos II : cos Ilg: cos IIz3=

21, 18,8, S;and S; denote the sums of the angles of
spherical triangle and its three colunars, shew that .

S+S|+S,+ Sg‘=3t.
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23. If P, P;, P; and P, denote the poles of the sircumscribed
oircles of a spherical triangle and its three colunars, shew that

tan PP; : tan PP3 :tan PPy .

"

=cos #a sin (§~4) : cos 3b sin (§—B) : cos 3o sin (§—C).

28. 1If in a spherical .riangle, t.e vertical angle be equsl ta
the sum cf the base angles, then the pole of the circumcirele will
lie in the base.

24. 1If ABC be a spherical triangle having each side & qya~
draut, I the pole of the incircle, P any point on the sphere,
then will

(cce PA +cos PB +cos PC)2=3 cos? PI.

25. Two circles whose radii are cot™! a and cot™1"8 touch ex-
ternally, Shew that the angle between their common tangents is

2 cos”! 2_«&:_5;—_1:‘
a+ B !

(C. U. M. A. & M. Sc., 1928.)

26. PAB is a spherical triangle, of which the side AB is fixed,
and the angles PAB and PBA are supplomentary. Prove that
the vertex P lies on a fixed great circle.

(Science and Art, 1899.)

27. Two circles of angular racii, « and B, intersect ortho-
gonally on a sphere of radius 7; find in any manner the area
common to the two.

(London University.)

98. 1f H be the centre of Hart's circle for the spherical
triangle ABC, shew that

cos AH : cos BH : cos CH=gec? }a : sec? }b : sec? §c.

11
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29, 1ft, tgand t; be the lengths of the tangents from the
vertices 4, B .and C to Hart's circle, shew that

cos t;=sec §a cos b cos }c.
cos tg=cos }a sec b cos }c.

cos t3=cos }a cos %b sec ic.

¢ 80. If the side AB of the spherical triangle ABC be inter-
sected by Hart's circle at points distant A and u from 4, shew that

cos §a—cos b cos §¢

ti A= =
an § cos 3b sin }¢

d t ___cos}b sinic_w.
an i o cos §a +cos 3b cos 3¢

31. Shew that the intercept made by Hart's circle on the
side AB is given by

2 10—cos? 3b
9 tan-1 | _cos? da—cos? §b
an ‘2005 %a cos &b sin 3¢ '

32. Shew that the angle between Hart's circle and a side of
the triangle is equal to the difference of the angles of jthe triangle
adjacent to that side.

83. ABCD is a spherical quadrilateral inscribed in a small
circle, and the diagonals AC and BD intersect at P: shew that

tan 3PA tan $PC=tan §PB tan }PD,
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84, ABC is a spherical triangle, and a small circle outo’ BC
ih P end P/, CA in Q and @', AB in E and R’ : shew that
i sin Aé sin AQ’ _siu AR sin AR’
cos? $QQ° cos? $RR’

\sin BP gin BP’ sin CQ ein CQ’ sin ARsin 4R’ =1
sin CP sin CP’" sin AQ sin 4AQ” ein BRain BR’

85. P is the pole of the circumcircle oi the spherical triangle
ABC, and AP is produced to meet BC in D ; shew that if 3 denotgs
PD,

_ sin (R~-3)
tan $BPD tan $CPD = R TN

1f the angle 4 be a right angle, shew that

sip (R-28)

2 R= "Mt 2
cost B= L (Rx8)"









